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We investigate chiral Higgs-Yukawa models with a non-abelian gauged left-handed sector reminis-
cent to a sub-sector of the standard model. We discover a new weak-coupling fixed-point behavior
that allows for ultraviolet complete RG trajectories which can be connected with a conventional
long-range infrared behavior in the Higgs phase. This non-trivial ultraviolet behavior is charac-
terized by asymptotic freedom in all interaction couplings, but a quasi conformal behavior in all
mass-like parameters. The stable microscopic scalar potential asymptotically approaches flatness
in the ultraviolet, however, with a non-vanishing minimum increasing inversely proportional to the
asymptotically free gauge coupling. This gives rise to nonperturbative – though weak-coupling –
threshold effects which induce ultraviolet stability along a line of fixed points. Despite the weak-
coupling properties, the system exhibits non-Gaußian features which are distinctly different from
its standard perturbative counterpart: e.g., on a branch of the line of fixed points, we find linear
instead of quadratically running renormalization constants. Whereas the Fermi constant and the
top mass are naturally of the same order of magnitude, our model generically allows for light Higgs
boson masses. Realistic mass ratios are related to particular RG trajectories with a “walking”
mid-momentum regime.
I. INTRODUCTION
The chiral, gauge and flavor structures of the standard
model lie at the heart of its greatest successes. At the
same time, they also mark its fundamental deficits: the
chiral structure requires a scalar Higgs field which suf-
fers from a severe triviality problem, suggesting that the
conventional Higgs sector is not a fundamental quantum
field theory [1]. Also the product structure of the gauge
symmetry involves a U(1) gauge symmetry which has a
similar (though less pressing) triviality problem [2–5]. In
addition, the perturbative running of the Higgs sector
appears to require unnaturally fine-tuned initial condi-
tions in order to separate the electroweak scale from the
Planck or GUT-like scales. In the same spirit, the diver-
sity of scales in the flavor sector so far has not found a
convincing natural explanation.
Whereas many attempts to resolve these deficits are
built on postulating new degrees of freedom, new sym-
metries or new quantization rules, we wish to take a fresh
look at conventional systems within quantum field the-
ory, relying on the degrees of freedom already observed
in experiments. In the present work, we even consider
a reduced model involving a chiral Higgs-Yukawa system
with a non-abelian gauged left-handed sector, which can
be viewed as the scalar Higgs-sector chirally coupled to
a top-bottom fermion sector and a left-handed SU(NL)
gauge group. Many aspects of the weak-coupling behav-
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ior of this model are straightforwardly accessible in per-
turbation theory, showing some indications of the struc-
tural deficits mentioned above for the standard model,
in particular, the triviality and the hierarchy problem of
the Higgs sector.
In the present work, we therefore explore the model us-
ing the functional renormalization group (RG) as a non-
perturbative method. Whereas all perturbative physics
still remains included, we can specifically address non-
perturbative features to which naive perturbation theory
is completely blind. In fact, one such potentially impor-
tant feature in this context are threshold phenomena as
has been pointed out in [6, 7]. Threshold effects such as
the decoupling of massive modes is non-perturbative in
the sense that dynamically generated masses can be pro-
portional to the coupling. A decoupling that proceeds,
for instance, inversely proportional to some power of the
mass therefore cannot have a naive perturbative Taylor
expansion in powers of the coupling without spoiling the
physical threshold behavior at any finite order of this
expansion. It is important to emphasize that this state-
ment holds independently of the coupling strength. In
fact, the threshold phenomena relevant for the present
work turn out to be active in the weak-coupling region
of the model. In particular, the gauge interactions are
fully in the domain of asymptotic freedom. Of course,
methods to deal with threshold phenomena have also
been developed within perturbative approaches [8] and
are commonly used to follow the RG evolution in the
standard model [9]. Hence, we expect that our results
should also be reproducible within a perturbative treat-
ment that properly accounts for threshold effects, for in-
stance, in a mass-dependent RG scheme.
The scenario developed in the present work builds on
2the concept of asymptotic safety [10] which is a general-
ization of asymptotic freedom to non-Gaußian, i.e. inter-
acting, UV fixed points. A quantum field theory can be
UV complete if its RG trajectory approaches a fixed point
in the UV, such that a UV cutoff Λ can be sent to infinity,
Λ → ∞. Though standard perturbative renormalizabil-
ity is included in this scenario if the fixed point occurs at
zero coupling, it is not mandatory for UV completeness,
but is merely a criterion for the applicability of perturba-
tion theory. Asymptotically safe theories are well known
and understood in lower-dimensional fermionic systems
[11–14]. Most prominently, asymptotic safety has by
now become an established scenario for a UV complete
quantum theory of gravity [15]. In this larger context
of asymptotically safe gravity, new fixed point structures
can also arise in the combined gravity-scalar [16], gravity-
Yukawa [17], gravity-fermion [18], or gravity-photon [19]
sector, potentially curring the UV problems of the stan-
dard model.
The present work continues the search for asymptoti-
cally safe Yukawa models initiated in [6, 7]. However, our
new findings including a gauge sector go beyond those
scenarios, as the near-conformal behavior required for a
non-Gaußian fixed point does not occur in the couplings
and the vacuum expectation value, but is shifted to the
mass parameters of the model in the Higgs regime. This
gives rise to a novel and unconventional asymptotic safety
scenario for gauged Higgs-Yukawa systems which could
be active in the electroweak sector of the standard model.
If so, such a scenario not only modifies the UV behavior
of the standard model potentially curing some deficits,
but may also have implications for the infrared behavior.
For instance, the accessible space of mass and coupling
parameters can be constrained as a result of the RG flow.
First results along this line will be discussed below.
The article is organized as follows. In Sect. II, we mo-
tivate the model in the context of earlier work, empha-
sizing the fact that the construction of an asymptoti-
cally safe scenario for the standard model Higgs sector
appears to favor a chiral gauge structure. Section III de-
tails the application of the functional RG technique to
the present problem and summarizes our results for the
RG flow equations evaluated to next-to-leading order in
a derivative expansion of the Higgs-Yukawa system. The
fixed point structure of the model facilitating an asymp-
totic safety scenario is analyzed in Sect. IV, revealing a
line of fixed points with suitable UV properties. We ex-
plicitly verify in Sect. V that the UV fixed points can be
connected with the Higgs phase of the model, such that
the IR properties are qualitatively reminiscent to those of
the standard model. This demonstrates that the present
chiral gauged Higgs-Yukawa model can be a UV com-
plete quantum field theory. Conclusions are presented in
Sect. VI, and many important details of the calculations
are deferred to the appendices.
II. MOTIVATION OF THE MODEL
The chiral gauged Higgs-Yukawa model investigated
in the present work can, of course, straightforwardly be
motivated from the (experimentally observed) Higgs sec-
tor of the standard model. However, it is instructive to
realize that also purely theoretical arguments for the con-
struction of an asymptotically safe Higgs-Yukawa system
lead to the same model in a natural way.
Inspired by the asymptotic safety of fermionic models
such as the simple Gross-Neveu model in 2 < d < 4 di-
mensions [11, 12], it is tempting to ask, whether this non-
perturbative renormalizability at a non-Gaußian fixed
point can also be extended to d = 4 dimensions [20–22].
Even though final answers in complex models have not
been given so far, simple toy models such as the Gross-
Neveu model with a discrete Z2 symmetry show a vanish-
ing of the required fixed points in the limit d→ 4 (more
precisely: the non-Gaußian fixed point typically merges
with the Gaußian fixed point for d → 4) [12] as is also
suggested by lattice simulations [23].
Moreover, since purely fermionic models and Yukawa
models with similar mass generating phase transitions
are typically in the same universality class [24, 25], it is
reasonable to treat the fermionic and the bosonic degrees
of freedom on the same footing, i.e., both as fundamental.
An extensive exploration of the simple Z2-invariant
Yukawa model using the functional RG [6] has provided
evidence that (i) no non-Gaußian fixed point exists in
the symmetric regime, whereas (ii) the symmetry-broken
regime can give rise to suitable fixed points, provided the
symmetry-breaking condensate approaches a fixed point
and behaves nearly conformal. If this conformal conden-
sate behavior sets in, a threshold behavior is induced that
can naturally lead to a balancing of interactions up to the
highest scales. More concretely, the flow of the scalar
vacuum expectation value (vev) v¯ can be parametrized
by the dimensionless combination κ = v2/(2k2), the β
function of which has the generic structure
∂tκ ≡ ∂t v
2
2k2
= −2κ+ boson fluct.− fermion fluct., (1)
where ∂t = k
d
dk and k denotes an RG scale. In order to
induce a non-Gaußian fixed point at positive κ∗ > 0, fa-
cilitating a (near) conformal condensate behavior v ∼ k,
the bosons obviously have to dominate over the fermion
fluctuations due to the relative minus sign. Whether or
not this is the case essentially depends on the number
of degrees of freedom of the model. The analysis of [6]
containing one real scalar field and Nf Dirac fermions re-
vealed that the necessary bosonic dominance occurs only
for an unphysical value of Nf . 0.3.
An elegant way to enhance the boson fluctuations
(without unnaturally increasing the number of boson
fields) was identified in [7]: chiral Yukawa couplings of
NL complex scalar fields φ
a withNL left-handed fermions
ψaL and a single right-handed fermion ψR leads to an
∼ NL enhancement of the boson fluctuations whereas the
3fermion fluctuations remain of ∼ O(1). This is already
a first indication that asymptotically safe scenarios pre-
fer chiral Yukawa systems. In [7], suitable non-Gaußian
fixed points where discovered for a wide range of NL in-
cluding NL = 2 in a leading-order derivative expansion
analysis. Moreover, one of the admissible fixed points
has only one UV-attractive direction, thus implying that
only one physical parameter has to be fixed, e.g., the vev
v = 246GeV, whereas all other IR quantities such as the
Higgs or the top mass would be a pure prediction of the
theory.
However, these suitable fixed points apparently get
destabilized at next-to-leading order in the derivative ex-
pansion [7] for a physical reason: the derivative expansion
assumes that field amplitudes remain sufficiently slowly
varying at a given RG scale during the flow. But in the
chiral Yukawa model, massless Goldstone modes occur
in the broken regime which together with the massless
bottom-type fermions of the model induce strong contri-
butions which are not damped by threshold effects. We
expect this argument to be rather generic: non-Gaußian
threshold-induced fixed points in Yukawa models with
continuous symmetries are likely to be destabilized by
massless Goldstone modes in the broken regime.
There is one particular mechanism to avoid massless
Goldstone modes in systems with broken continuous sym-
metries: the Higgs mechanism [26]. Hence, the search for
non-Gaußian fixed points in Yukawa systems naturally
leads us to the inclusion of a chiral gauge sector in our
model. In addition to “eating up” the scalar Goldstone
modes, we expect the gauge bosons to also contribute in
a beneficial way to the stabilization of the scalar conden-
sate, cf. Eq. (1).
On the other hand, already at this point, we can ex-
pect that the picture of the conformal threshold behav-
ior might be modified upon the inclusion of gauge fields.
The reason is that non-abelian gauge theories are asymp-
totically free. Whereas for any finite value of the gauge
coupling g2, we may find stable non-Gaußian fixed points
along the lines of [6, 7], the UV limit where g2 → 0 must
ultimately leave its imprints also in the Yukawa sector.
It is one of the main results of the present work that
the conformal threshold behavior indeed persists, how-
ever not in the form of near-conformal condensate and
couplings, but in the form of near-conformal mass pa-
rameters.
The reasoning of this section leads us to consider chiral
gauged Higgs-Yukawa models with a standard classical
action of the form (here and in the following, we work in
Euclidean space)
Scl =
∫
ddx
[1
4
F iµνF
iµν + (Dµφ)†(Dµφ) + m¯
2ρ+
λ¯
2
ρ2
+ i(ψ¯aL /D
ab
ψbL + ψ¯R /∂ψR) + h¯ψ¯Rφ
†aψaL − h¯ψ¯aLφaψR
]
(2)
where ρ := φa†φa. The classical parameter space is
spanned by the boson mass m¯, the scalar self-interaction
λ¯, the Yukawa coupling h¯ and the gauge coupling g¯ which
occurs in the covariant derivatives for the matter fields
in the fundamental representation of the gauge group
(a, b, · · · = 1, . . . , NL),
Dabν = ∂νδ
ab − ig¯W iν(T i)ab, (3)
where W iν denotes the Yang-Mills vector potential. The
fermionic field content consists of a left-handed NL-plet
(e.g., a top-bottom doublet for SU(NL = 2)) and one
right-handed fermion (e.g., the right-handed top-quark
component); right-handed bottom-type components are
not considered, such that only the top quark can be-
come massive upon symmetry breaking. The fermions
are considered to occur in Ng generations; the genera-
tion structure does not have any nontrivial interplay with
the gauge or scalar sector, such that the corresponding
generation index is suppressed. The general calculations
of the present work in principle hold for any simple Lie
group, hence we keep the notation general. In concrete
calculations we will confine ourselves to SU(NL = 2). We
expect the mechanisms presented below to hold for any
gauge group.1 The generators of the gauge group satisfy
the corresponding algebra, [T i, T j] = if ijkT k with struc-
ture constants f ijk, and the nonabelian field strength in
Eq. (2) is given by F iµν = ∂µW
i
ν − ∂µW iν + g¯f ijlW jµW lν ,
where i, j, k, . . . denote adjoint indices. For the scalar
potential, we only consider the invariant ρ := φa†φa. For
later convenience, we remark that the complex scalar field
can equally well be expressed in terms of 2NL real scalar
fields,
φa =
1√
2
(φa1 + iφ
a
2), φ
a† =
1√
2
(φa1 − iφa2) , (4)
where φa1 , φ
a
2 ∈ R. In addition to the local gauge symme-
try, the model is invariant under a global U(1)L×U(1)R
symmetry, where the fermions transform under their cor-
responding chiral component and the scalar transforms
under both with opposite charges. If the gauge symme-
try is chosen to be SU(NL), its global part and the U(1)L
are subgroups of a global U(NL)L symmetry. In the fol-
lowing, we will analyze the RG flow of generic effective
actions in a theory space inspired by the classical action
given in Eq. (2) and its symmetries.
1 Of course, the present model has perturbative gauge anomalies
for SU(NL ≥ 3) [27]. For SU(NL = 2) or SP(NL), the model has
a global Witten anomaly for odd Ng [28]. In these anomalous
cases, the model cannot be a consistent quantum field theory as
it stands. The RG flows determined below should in such cases
be viewed as a projection of a larger (unspecified) anomaly-free
model, e.g., the standard model with only one generation, onto
an effectively reduced theory subspace.
4III. RG FLOW OF THE MODEL
A. Functional RG
In the present work, we study the chiral gauged Higgs-
Yukawa model using the functional RG. More precisely,
we study the RG flow of effective action functionals Γk
that are spanned by the same field content and the same
symmetries as Eq. (2). Here, the scale k denotes an
IR cutoff parametrizing those fluctuations with momenta
p2 . k2 that still have to be fully integrated out to ar-
rive at the full effective action Γ = Γk→0. The latter
corresponds to the standard generating functional of 1PI
correlation functions encoding the physical properties of
the theory.
The set of functionals Γk hence defines a one-parameter
family of effective actions that relate the physical long-
range behavior for k→ 0 with a microscopic action func-
tional at k → Λ, where Λ denotes a microscopic UV
scale, such that ΓΛ is related to the “classical action to
be quantized”. The trajectory interconnecting all these
scales is determined by the Wetterich equation [29]
∂tΓk[Φ] =
1
2
STr{[Γ(2)k [Φ] +Rk]−1(∂tRk)} . (5)
Here Γ
(2)
k is the Hessian, i.e., the second functional
derivative with respect to the field Φ, representing a col-
lective field variable for all bosonic or fermionic degrees
of freedom. The momentum-dependent regulator func-
tion Rk encodes the suppression of IR modes below a
momentum scale k, for reviews see [30, 31].
Whereas Eq. (5) in conventional applications is solved
subject to an initial condition SΛ ≃ Scl (the bare action),
we use the flow equation also to search for suitable initial
conditions in the vicinity of UV attractive fixed points.
If such fixed points exist, trajectories can be constructed
that are UV complete by approaching and ultimately hit-
ting the fixed point in the limit Λ→∞. The correspond-
ing system together with its flow to the IR represents a
quantum field theory which can be valid on all scales.
For the present work, the crucial property of the func-
tional RG evolution is the fact that the computation
of correlation functions involves the exact (regularized)
propagator at a scale k given by [Γ
(2)
k [Φ] + Rk]
−1 in
Eq. (5). Especially, if a dynamically generated mass
exists at some scale k, it is included as a correspond-
ing gap in the self-energy. By contrast, naive pertur-
bation theory consists of an expansion about zero cou-
pling which is blind to dynamically generated masses. Of
course, the latter can be included in a reorganized per-
turbative expansion, but the functional RG does so in
a self-consistent and RG-improved manner. In this way,
we can particularly well deal with the threshold regime
where the mass generation sets in dynamically.
As we are dealing with a gauge theory, the RG flow
has to be constructed such that gauge symmetry is pre-
served. As in standard continuum calculations, gauge
fixing is required such that gauge symmetry is encoded
in constraints (generalized Ward identities). While it is
by now well understood how to deal with this issue in the
non-perturbative strong-coupling domain [30, 32–36], the
present work only requires the weak-coupling limit of the
gauge sector essentially on a one-loop level. For this,
we will use the standard background field formalism [37];
details of this part of the calculation can be found in
App. C 1.
In the following, we use the Rα gauge (or its
background-field variant for the computation of the
gauge sector, see App. C 1). For its definition in the
present context, let us first decompose the scalar field
into the bare vev v¯ and the fluctuations ∆φ about the
vev
φa =
v¯√
2
nˆa +∆φa, ∆φa =
1√
2
(∆φa1 + i∆φ
a
2), (6)
where nˆ is a unit vector (nˆ†anˆ
a = 1) defining the direction
of the vev in fundamental Yang-Mills space. Then, the
gauge fixing condition is given by
Gi(W ) = ∂µW
i
µ+iαv¯g¯(T
i
nˆaˇ∆φ
aˇ
1+iT
i
nˆa∆φ
a
2) = 0, aˇ 6= nˆ,
(7)
where α is a gauge-fixing parameter interpolating be-
tween the unitary gauge at α→∞ and the Landau gauge
at α→ 0. Here and in the following, the label nˆ in place
of a fundamental color index denotes the contraction of
that index with the unit vector nˆ (or nˆ†, depending on
the position of the index). In Eq. (7) the component
∆φnˆ1 is not included in the sum over aˇ. This implies
that the gauge fixing only involves the Goldstone-boson
directions and not the radial mode. The gauge fixing
is implemented by including a gauge-fixing term in the
action
Sgf =
1
2α
∫
ddxGi(W )Gi(W ),
as well as a Faddeev-Popov term localized in terms of
ghost fields ci and c¯i with a bare action
Sgh =
∫
ddx c¯iMijcj .
The Faddeev-Popov operator is given by
Mij = −∂2δij − g¯f ilj∂µW lµ +
√
2αv¯g¯2T inˆaˇT
j
aˇb∆φ
b, (8)
again excluding a = nˆ in the sum over aˇ.
With these preparations, we can now write down the
space of action functionals considered in this work:
Γk =
∫
ddx
[
U(ρ) + Zφ(D
µφ)†(Dµφ) (9)
+ i(ZLψ¯
a
L /D
ab
ψbL + ZRψ¯R /∂ψR)
+ h¯ψ¯Rφ
a†ψaL − h¯ψ¯aLφaψR
+
ZW
4
F iµνF
iµν +
Zφ
2α
GiGi − c¯iMijcj
]
5All couplings, wave function renormalizations Zφ,L,R,W
and the effective scalar potential U(ρ) are taken to be
k dependent. The scalar sector corresponds to a next-
to-leading order derivative expansion of the action. In
addition, the flows of the Yukawa coupling, the gauge
coupling and the wave function renormalizations are eval-
uated in the presence of a k-dependent minimum of the
potential in order to properly account for the threshold
phenomena.
As Eq. (9) already indicates, we ignore any nontrivial
running of the ghost sector and of the gauge parameter α
and drop any higher order gauge-field operators, as this
is not necessary for an exact flow of the gauge coupling at
one-loop order. For the actual computation of the latter
using the background field method, the ordinary deriva-
tives in the gauge fixing and ghost terms are replaced
by covariant derivatives D¯ w.r.t. the background field
W¯ , cf. App. C1. The Yukawa sector remains however
unaffected by the background field.
To sum up, the subset of theory space we are consider-
ing is parametrized by Zφ, ZL, ZR, ZW , h¯, v¯ and all the
parameters contained in U different from v¯ itself. (The
running of the gauge coupling g¯ in the background field
method is related to the wave function renormalization
ZW , see below).
It is also useful to introduce a simplifying notation for
the masses in the symmetry-broken regime, which are
directly related to the parameters listed above. The (un-
renormalized) mass matrix for the gauge bosons is given
by
m¯2 ijW =
1
2
Zφg¯
2v¯2{T i, T j}nˆnˆ. (10)
Since it is diagonalizable, we can choose a basis in adjoint
color space where
m¯2 ijW = m¯
2
W,iδ
ij (no sum over i) . (11)
The scalar mass matrix reads
m¯2 abφ = v¯
2U ′′
(
v¯2
2
)
nˆanˆ†b .
In a diagonalizing basis, we have m¯2 abφ = m¯
2
φ,aδ
ab (no
sum over a), with, of course, vanishing eigenvalues for the
would-be Goldstone modes corresponding to the broken
generators in this gauge. Furthermore the (unrenormal-
ized) “top mass” i.e. the mass of the ψnˆ mode, is given
by
m¯t =
h¯v¯√
2
. (12)
The corresponding renormalized quantities include ap-
propriate factors of the wave function renormalizations,
see below. Incidentally, the above reasoning for identify-
ing the particle spectrum follows that used in straight-
forward perturbative considerations. We emphasize that
a proper gauge- and scheme-independent identification
requires careful nonperturbative considerations, see e.g.
[38, 39].
B. Dimensionless variables
Whereas the long-range observables are dimensionful
quantities expressed, for instance, in terms of an absolute
measurement scale, the search for UV fixed points re-
quires dimensionless variables. If the system approaches
a conformal behavior, it is expected to become self-
similar, i.e., to look the same independently of the mea-
surement scale. Also the flow equations can conveniently
be expressed in terms of dimensionless renormalized vari-
ables. For this, we define the corresponding Yukawa and
gauge couplings,
h2 =
kd−4h¯2
ZφZLZR
, g2 =
g¯2
ZW k4−d
, (13)
as well as the dimensionless effective potential
u(ρ˜) = k−dU(Z−1φ k
d−2ρ˜), ρ˜ =
Zφρ
kd−2
. (14)
The effective potential is expressed in terms of the di-
mensionless renormalized field variable ρ˜. If the system
is in the spontaneously symmetry-broken (SSB) regime,
we use the dimensionless renormalized minimum of the
potential,
κ =
Zφv¯
2
2kd−2
= ρ˜min. (15)
Correspondingly, an expansion of the effective potential
about the minimum can be useful in the SSB regime,
u =
Np∑
n=2
λn
n!
(ρ˜− κ)n (16)
=
λ2
2!
(ρ˜− κ)2+ λ3
3!
(ρ˜− κ)3 + · · · .
In the symmetric regime where ρ˜min = 0, we use the
expansion
u =
Np∑
n=1
λn
n!
ρ˜n = m2ρ˜+
λ2
2!
ρ˜2 +
λ3
3!
ρ˜3 + · · · (17)
Note that the expansion coefficients λn in Eqs. (16)
and (17) are generally not identical in the two differ-
ent regimes; also their flow will be different. Still the
standard φ4 coupling in both cases is related to λ2.
The contribution of the field renormalizations deviating
from canonical scaling is encoded in the scale-dependent
anomalous dimensions
ηφ = −∂t logZφ , ηW = −∂t logZW
ηL = −∂t logZL , ηR = −∂t logZR .
Setting the anomalous dimensions to zero defines the
leading-order derivative expansion. At next-to-leading
order, it is important to distinguish between the running
6of ZL and that of ZR as they acquire different loop con-
tributions, see below.
As we compute the running of the gauge coupling with
the background-field method, we can make use of the
fact that the product of bare coupling and bare back-
ground gauge field g¯W aµ is a renormalization group invari-
ant combination in the background-field gauge. There-
fore, the running of the gauge coupling is tightly linked
to that of the background-field renormalization [37], im-
plying that
βg2 = ∂tg
2 = (d− 4 + ηW )g2. (18)
For an analysis of the threshold behavior of the sys-
tem, also the dimensionless renormalized mass param-
eters turn out to be useful:
µ2W,i =
m¯2W,i
ZWk2
, µ2φ,a =
m¯2φ,a
Zφk2
, µ2t =
m¯2t
ZLZRk2
. (19)
From a general perspective, the dimensionless renormal-
ized formulation can only implicitly depend on our RG
scale k, as the latter is dimensionful. Therefore, a fixed
point associated with conformal behavior corresponds to
the vanishing of the β functions of all dimensionless vari-
ables. However, the above given list of dimensionless
couplings contains some redundancy, as, for instance, the
dimensionless top mass is related to the Yukawa coupling
and the potential minimum, and similarly for the gauge
boson and Higgs masses. A more precise statement thus
is that a fixed point exists, if the β functions for a com-
plete linearly independent set of dimensionless variables
vanish. For the moment, we keep this redundancy of vari-
ables in order to determine a suitable choice of variables
below.
As we will specialize to the case of SU(NL = 2) below,
let us already list here the relations between all couplings
for this case:
µ2W =
1
2
g2κ, µ2H = 2λ2κ, µ
2
t = κh
2. (20)
The dimensionful renormalized masses of the system can
straightforwardly be obtained by trivial multiplication
with the scale,
m2W = µ
2
Wk
2, m2H = µ
2
Hk
2, m2t = µ
2
tk
2. (21)
Together with the dimensionful renormalized vev,
v =
√
2κk(d−2)/2 ≡ Z1/2φ v¯, (22)
this list constitutes our long-range observables to be com-
puted from the flow towards the IR.
C. Flow equations for the matter couplings
Large parts of the calculation of the flow equation in
the matter sector can be done in arbitrary Euclidean
space dimension d, for any number of left-handed fermion
componentsNL, number of generationsNg and any gauge
group with a corresponding dimension dad of its adjoint
representation (e.g., dad = N
2
L− 1 for SU(NL)). Further-
more, the dimension of the representation of the Clif-
ford algebra for the chiral fermions will be abbreviated
by dγ . As a special case, we have chosen to work in
Landau gauge α → 0 (or Landau-DeWitt gauge for the
background-field part) for reasons of simplicity. Also,
Landau gauge is known to be a fixed point of the RG
flow [40] and hence is a self-consistent choice.
Later on, we specialize to d = 4, SU(NL = 2) with
dad = 3 and dγ = 2. Also, we use the linear regula-
tor that is optimized for the present truncation [41]. We
have not found any indication that the qualitative fea-
tures described below depend on any of these concrete
choices.
We defer the details of the calculation as well as the
properties of the threshold functions l,m, a occurring be-
low with various sub- and superscripts and parametrizing
the decoupling of massive modes to App. A 2.
Let us start with the flow of the effective potential
which is driven by scalar (B superscript), Dirac fermion
(F), left-handed Weyl fermion (L), as well as gauge boson
(G) and ghost (gh) fluctuations. Introducing the abbre-
viation vd = 1/(2
d+1πd/2Γ(d/2)) the flow of the potential
is described by
∂tu = −du+ (d− 2 + ηφ)ρ˜u′ + 2vd
{
− 2dadl(gh)d0 (0) +
dad∑
i=1
[
(d− 1)l(G)d0T
(
µ2W,i(ρ˜)
)
+ l
(G)d
0L (0)
]
+(2NL − 1)l(B)d0 (u′) + l(B)d0 (u′ + 2ρ˜u′′)− dγNg
[
(NL − 1)l(L)d0 (0) + 2l(F)d0
(
ρ˜h2
)]}
. (23)
where µ2W,i(ρ˜) are defined as functions of the full scalar
field in analogy with Eqs. (10),(11), reducing to the di-
mensionless gauge boson renormalized masses for ρ˜ = κ.
The full flow of u (23) can be used to extract the flows of
the coefficients of the potential expansions Eqs. (16),(17)
in both regimes. For the flow of the minimum κ in the
SSB regime, we use the fact that the first derivative of u
7vanishes at the minimum, u′(κ) = 0. This implies
0 = ∂tu
′(κ) = ∂tu
′(ρ˜)|ρ˜=κ + (∂tκ)u′′(κ)
⇒ ∂tκ = − 1
u′′(κ)
∂tu
′(ρ˜)|ρ˜=κ . (24)
Whereas the flow in the symmetric regime is unambigu-
ous, a subtlety arises in the SSB regime: here, the flow of
the Yukawa coupling and the scalar anomalous dimension
for the would-be Goldstone modes can, in principle, be
different from those of the radial mode. As the Goldstone
modes as such are not present in the standard model, we
compute the Yukawa coupling and the scalar anomalous
dimension by projecting the flow onto the radial scalar
operators in the SSB regime. Note that this strategy is
different from that used for critical phenomena in other
Yukawa or bosonic systems, where the Goldstone modes
typically dominate criticality. Accordingly, the flow of
the Yukawa coupling h can be derived and we find the
same result already presented in [7], that is
∂th
2 = (d− 4 + ηφ + ηL + ηR)h2 + 4vdh4
{
(2ρ˜u′′)l
(FB)d
1,2 (ρ˜h
2, u′)− (6ρ˜u′′ + 4ρ˜2u′′′)l(FB)d1,2 (ρ˜h2, u′ + 2ρ˜u′′)
− l(FB)d1,1 (ρ˜h2, u′) + l(FB)d1,1 (ρ˜h2, u′ + 2ρ˜u′′) + (2ρ˜h2)l(FB)d2,1 (ρ˜h2, u′)− (2ρ˜h2)l(FB)d2,1 (ρ˜h2, u′ + 2ρ˜u′′)
}
ρ˜=ρ˜min
.(25)
Note that the whole expression in curly braces vanishes in the symmetric regime where ρ˜ = 0. Also, we observe
that no gauge contributions to the running of this coupling occur which is a special feature of Landau gauge; a brief
explanation of this fact is given in App. B. Finally, the anomalous dimensions read
ηφ =
8vd
d
{
ρ˜(3u′′ + 2ρ˜u′′′)2m
(B)d
2,2 (u
′ + 2ρ˜u′′, u′ + 2ρ˜u′′) + (2NL − 1)ρ˜u′′2m(B)d2,2 (u′, u′)
+ dγNgh
2
[
m
(F)d
4 (ρ˜h
2)− ρ˜h2m(F)d2 (ρ˜h2)
]}
+
8vd(d− 1)
d
{
− 2g2
NL∑
a=1
dad∑
i=1
T inˆaT
i
anˆ l
(BG)d
1,1
(
u′, µ2W,i
)
+
dad∑
i=1
µ4W,i
ρ˜
[
2ad1
(
µ2W,i
)
+m
(G)d
2
(
µ2W,i
)]}∣∣∣∣∣
ρ˜=ρ˜min
(26)
ηR =
4vd
d
h2
[
m
(LB)d
1,2 (ρ˜h
2, u′ + 2ρ˜u′′) +m
(LB)d
1,2 (ρ˜h
2, u′) + 2(NL − 1)m(LB)d1,2 (0, u′)
]
ρ˜=ρ˜min
(27)
ηL =
4vd
d
h2
[
m
(RB)d
1,2 (ρ˜h
2, u′ + 2ρ˜u′′) +m
(RB)d
1,2 (ρ˜h
2, u′)
]
+
8vd(d− 1)
d
g2
{
dad∑
i=1
(T inˆnˆ)
2
[
m
(LG)d
1,2
(
ρ˜h2, µ2W,i
)−m(LG)d1,2 (0, µ2W,i)− ad3 (ρ˜h2, µ2W,i)+ ad3 (0, µ2W,i)]
+
NL∑
a=1
dad∑
i=1
T inˆaT
i
anˆ
[
m
(LG)d
1,2
(
0, µ2W,i
)− ad3 (0, µ2W,i)]
}∣∣∣∣∣
ρ˜=ρ˜min
. (28)
If the direction of the vev nˆ has a single nonvanishing component in the chosen basis of fundamental color algebra,
i.e. if nˆa ∝ δaA, the anomalous dimension of the left-handed fermion takes a simpler form
ηL =
4vd
d
h2
[
m
(RB)d
1,2 (ρ˜h
2, u′ + 2ρ˜u′′) +m
(RB)d
1,2 (ρ˜h
2, u′)
]
+
8vd(d− 1)
d
g2
NL∑
a=1
dad∑
i=1
T iAaT
i
aA
[
m
(LG)d
1,2
(
δaAρ˜h2, µ2W,i
)− ad3 (δaAρ˜h2, µ2W,i)]
∣∣∣∣∣
ρ˜=ρ˜min
. (29)
The explicit form of these equations for the linear regulator can be found in App. B.
D. Flow equation for the gauge coupling
Next, we list our results for the flow of the gauge cou-
pling. As only the weak-coupling flow of the gauge cou-
pling is required for the present scenario, we will be satis-
8fied essentially with a one-loop approximation. For con-
sistency with the matter sectors, we pay special attention
to the threshold behavior, as worked out in greater detail
in App. C 1. Since the threshold behavior of the gauge
sector depends a bit stronger on the gauge group, we
concentrate on the special case SU(NL = 2) in d = 4
Euclidean dimensions. Following Eq. (18), the running
gauge coupling can be extracted from the wave function
renormalization of the gauge field,
∂tg
2 = g2 ηW , (30)
ηW =
−g2
48π2
(
22NL LW (µ
2
W,i)− dγNgLψ(µ2t )− Lφ(µ2φ,a)
)
,
where the form of the anomalous dimension follows solely
from the fact that an additive decomposition into gauge,
fermion, and scalar loops can be performed at one-loop
order. The threshold functions LW,ψ,φ parametrize the
decoupling of massive modes in the SSB regime. They
are normalized by the condition LW,ψ,φ(0) = 1, such that
the standard one-loop β function for the gauge coupling
is reobtained for massless fluctuations. We also neglect
here possible RG improvement from the dependence of
these threshold functions on the matter-field anomalous
dimensions which contribute at two-loop order.
For SU(2), we use in the present work
LW (µ
2
W ) =
1
44
(
21 +
21
1 + µ2W
+ 2
)
, µ2W =
g2κ
2
,
Lψ(µ
2
t ) =
1
2
(
1 +
1
1 + µ2t
)
, µ2t = h
2κ,
Lφ(µ
2
H) =
1
2
(
1 +
1
1 + µ2H
)
, µ2H = 2λ2κ,
(31)
where we encounter the dimensionless gauge boson, top
quark, and Higgs boson masses as defined in Eq. (20).
As detailed in the Appendix, ambiguities can arise for
the derivation of the threshold behavior from the choice
of the relative orientation between the scalar vev in fun-
damental color space and the background color field in
adjoint color space. These ambiguities correspond to
slightly different definitions of the gauge coupling. Fur-
thermore, the computation of the fermionic threshold be-
havior contains a minor uncertainty which is not resolved
in the present work. Nevertheless, all qualitative details
of the main asymptotic safety scenario of the present
work do not depend on these issues. As a radical check,
we have verified the existence of the fixed point also for
a pure one-loop form of the gauge β function.
E. Mass parametrization
Before we turn to an analysis of the flow equations,
let us discuss the redundancy contained in the list of
dimensionless mass and coupling parameters introduced
above. For simplicity, we consider the effective potential
only to order φ4 here; generalizations to higher expansion
coefficients λ≥3 are straightforward.
A standard viewpoint on the flow equations is the fol-
lowing: as the matter-field anomalous dimensions are de-
fined by purely algebraic equations, cf. Eqs. (26), (27),
(28), they can be solved as a function of the dimension-
less couplings and the vev κ, λ2, h
2, g2 in the SSB regime
(analogously in the symmetric regime). Substituting the
anomalous dimensions into the flows of these parameters,
yields the flow equations for the matter sector,
∂tκ = βκ(κ, λ2, h
2, g2),
∂tλ2 = βλ(κ, λ2, h
2, g2),
∂th
2 = βh(κ, λ2, h
2, g2),
which together with the flow of the gauge coupling
Eq. (30) forms a consistent and closed set of flow equa-
tions. In this standard parametrization, the dimension-
less mass parameters µW,t,φ are considered as composed
out of the couplings and the vev κ according to their
definitions (19).
It turns out that the alternative viewpoint of for-
mulating the flow in terms of the mass parameters is
particularly useful for the present system in the SSB
regime. For simplicity, let us discuss this viewpoint for
SU(NL = 2), where the mass parameters are given by
µW,t,H, cf. Eq. (20). In this formulation, we still keep
the flow of the gauge coupling Eq. (30) understood as a
function of these three mass parameters, cf. Eq. (31).
The flow of the mass parameters can then be deduced
from Eqs. (32) according to
∂tµ
2
H = 2(∂tκ)λ2 + 2κ(∂tλ2),
∂tµ
2
t = (∂tκ)h
2 + κ(∂th
2),
∂tµ
2
W =
1
2
(∂tκ)g
2 +
1
2
κ(∂tg
2),
where κ, h2, λ2 in turn are expressed in terms of the mass
parameters on the right-hand side.
IV. FIXED POINT STRUCTURE OF THE
MODEL
A. Asymptotic safety
For the construction of an asymptotic safety scenario,
see [42] for reviews, a fixed-point with suitable UV prop-
erties is required. Parametrizing the effective action Γk
by a possibly infinite set of generalized dimensionless cou-
plings gi, the Wetterich equation provides us with the
corresponding β functions ∂tgi = βgi(g1, g2, . . . ). A fixed
point g∗i satisfies
βi(g
∗
1 , g
∗
2 , ...) = 0 , ∀ i, (32)
and is called non-Gaußian, if at least one coupling is non-
vanishing g∗j 6= 0. The properties of the fixed point can
9be quantified by its critical exponents. Linearizing the
flow in the fixed-point regime,
∂tgi = Bi
j(gj − g∗j ) + . . . , Bij =
∂βgi
∂gj
∣∣∣
g=g∗
, (33)
we obtain the critical exponents θi as the eigenvalues
of the negative Jacobian (−Bij), which corresponds to
the stability matrix. All eigendirections with θi < 0 de-
crease rapidly towards the IR and thus are irrelevant for
the long-range physics. All relevant directions with ex-
ponents θi > 0 grow rapidly towards the IR and thus
dominate the long range observables. The marginal di-
rections with θi = 0 need to be further classified into
marginally-irrelevant and marginally-relevant directions
according to their behavior at higher orders in the expan-
sion about the fixed point; e.g. the asymptotically free
gauge coupling is marginally relevant. In total, the num-
ber of relevant and marginally-relevant directions equals
the number of physical parameters to be determined by
measurements. An asymptotically safe theory has pre-
dictive power, if this number is finite. At the Gaußian
fixed point g∗i = 0, this discussion agrees with the stan-
dard perturbative power-counting analysis with the criti-
cal exponents being identical to the canonical dimensions
of the couplings.
A theory allows for an asymptotically safe UV comple-
tion, if a non-Gaußian fixed point with a finite number
of UV attractive (relevant or marginally-relevant) direc-
tions exists. Then, renormalized trajectories emanating
from the fixed point can be constructed that correspond
to quantum field theories valid to arbitrarily high energy
scales.
B. Parameter constraints
As we are working within a truncated theory space, we
have to make sure that possible fixed points do not corre-
spond to mere artifacts of our truncation. The following
discussion of constraints follows that of [7]. The use of
a derivative expansion as our expansion scheme suggests
that the quality of the expansion can be deduced from
the quantitative influence of higher derivative operators
onto the flow of leading-order operators. In our trunca-
tion, the leading-order effective potential as well as the
Yukawa coupling receive higher-order contributions only
through the anomalous dimensions. Therefore, conver-
gence of the derivative expansion requires
ηL, ηR, ηφ . O(1). (34)
A similar constraint for the gauge-field anomalous dimen-
sion ηW is automatically satisfied as long as we consider
only weak gauge couplings. Any fixed-point violating
Eq. (34) is likely to be an artifact of the present trunca-
tion.
Further constraints arise from the form of the effective
potential. In the symmetric regime, u should exhibit
a minimum at vanishing field and should be bounded
from below. In the polynomial expansion, these criteria
translate into
m2, λnmax > 0,
where nmax denotes the highest order taken into account
in a truncated polynomial expansion of the effective po-
tential. Analogously, the SSB regime requires a positive
minimum, κ > 0, the potential should again be bounded.
In addition, the potential at the minimum must have
positive curvature implying
κ, λnmax , λ2 > 0.
Hermiticity of the Minkowskian action or Osterwalder-
Schrader positivity of the Euclidean action requires
h2 > 0, g2 > 0,
which physically is related to Dyson’s vacuum stability
argument.
In the mass parametrization for the SSB regime, the
above constraints automatically imply that all mass pa-
rameters are non-negative, µ2W,t,φ ≥ 0. From within the
mass parametrization, an independent though somewhat
weaker argument can be derived from the general con-
vexity property of the flow equation [43]. For the lin-
ear regulator used in this work, convexity implies that
µ2W,t,φ > −1 which physically implies that the regular-
ized propagators have a finite gap.
C. Non-Gaußian matter fixed point at finite gauge
coupling
Here and in the following, we exclusively concentrate
on SU(NL = 2). For illustrative purposes, we will mainly
consider the simplest case of one fermion generation
Ng = 1. Though this model in isolation would have a
global Witten anomaly, cf. footnote 1, it is phenomeno-
logically more reminiscent to the top-Higgs sector of the
standard model. In App. D, we verify explicitly that the
properties of the anomaly-free Ng = 2 model are essen-
tially identical to the results discussed in the following. In
order to get an intuition for the flow equations, we start
with the standard formulation in terms of the couplings
and the effective potential. The case of exactly vanish-
ing gauge coupling was investigated intensively in [7]. In
fact, the only possible fixed point is the Gaußian gauge
fixed point at g2 = 0 in the weak gauge-coupling regime.
However, as this fixed point is only approached asymp-
totically, let us first search for possible non-Gaußian fixed
point structures in the matter sector, keeping the gauge
coupling fixed at a given value. For simplicity, we trun-
cate the effective potential at φ4 level.
In fact, for a given finite value of g2, the matter sys-
tem shows a non-Gaußian fixed point in the SSB regime.
Note that this fixed point is different from the one found
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FIG. 1: Non-Gaußian matter fixed points for NL = 2 as a
function of an artificially fixed gauge coupling. Whereas the
vev κ diverges for g2 → 0, the matter couplings approach
zero in such a way that the dimensionless mass parameters
µ2W and µ
2
t and the ratio χ = µ
2
H/g
2 tend to finite values,
parametrizing a true fixed point A of the full system.
at the leading-order of the derivative expansion in [7].
Most importantly, the present fixed point is not destabi-
lized at next-to-leading order in the derivative expansion.
As an interesting feature, we observe a strong depen-
dence of the fixed point values on the gauge coupling.
In particular, the position of the minimum κ diverges
with g2 → 0, whereas the Yukawa coupling as well as the
scalar self-interaction approach zero in the same limit.
We observe that the dimensionless gauge and top mass
parameters µ2W , µ
2
t approach finite fixed point values for
g2 → 0, whereas the dimensionless Higgs mass parameter
µ2H vanishes. The latter feature implies that the effective
fixed-point potential becomes exceedingly flat for g2 → 0.
The ratio χ = µ2H/g
2 approaches a finite constant in this
limit, implying that λ2 decreases ∼ g4 at the fixed point.
These results are depicted in Fig.1. The fixed point as-
sociated with the limit g2 → 0 will be called A in the
following.
At first sight, this fixed point in the limit g2 → 0 seems
to be identical to the Gaußian fixed point, as all couplings
vanish and only massive free particles remain. This con-
clusion is, however, wrong for a number of reasons: first,
the true Gaußian fixed point of the present model has
massless gauge bosons and massless chiral fermions and
massless or massive scalar excitations satisfying U(NL)
symmetry. Second, the dimensionless mass parameters
observed above arise from a subtle interplay of the inter-
action terms in the flow equations in the weak-coupling
limit; they are a genuine interaction effect. Third, a mas-
sive Gaußian fixed point would not only violate the sym-
metries, but also permit any value for the dimensionful
masses which would correspond to fixed scales. In our
case, the dimensionless mass parameters approach fixed
points and thus do not define any scale. Fourth, the crit-
ical exponents of this fixed point, computed below, do
not agree with the canonical dimensions at the Gaußian
fixed points.
So far, we have determined the fixed points of the pure
matter system for a given finite gauge coupling. Strictly
speaking, the curves shown in Fig. 1 do note correspond
to fixed points except for the points at g2 → 0, where
also the gauge coupling has a fixed point. In order to
analyze this fixed point more properly, we now turn to
the mass parametrization introduced in Sect. III E.
D. Non-Gaußian fixed points in the mass
parametrization
Let us analyze the fixed-point structure on the basis
of the matter flow equations in mass parametrization
Eqs. (32) read together with the gauge coupling flow.
From the preceding analysis, we already infer that the
ratio
χ =
µ2H
g2
, (35)
approaches a constant at the desired fixed point. Hence,
we consider the right-hand sides of these flow equations
in the limit g2 → 0 for finite µ2t , µ2W , χ. In this limit, the
fixed point conditions
∂tg
2 = 0, ∂tµH = 0, (36)
are automatically satisfied. Nontrivial information re-
mains encoded in the flow of the new variable χ,
∂tχ
2 =
1
g2
∂tµ
2
H −
µ2H
g4
∂tg
2, (37)
the g2 → 0 limit of which remains finite on the right-hand
side except for the fixed points computed below.
As a particular property, we observe that the flows of
µ2t , µ
2
W become degenerate,
∂tµ
2
t =
µ2t
µ2W
(∂tµ
2
W ). (38)
This degeneracy has an important consequence: possible
fixed points for the remaining matter sector parametrized
in terms of the three variables (χ, µ2t , µ
2
W ) have to
be determined from only two independent equations,
Eqs. (37), and (38). This implies that for any non-
trivial fixed point a degenerate one-parameter family, i.e.,
a line of fixed points has to exist. Since the degener-
acy encoded in Eq. (38) becomes exact only in the limit
g2 → 0 (together with µ2H → 0 and µ2W , µ2t , χ finite),
this line of fixed points remains invisible in the standard
parametrization by approaching the fixed point g2∗ = 0
from finite values of g2.
Knowing already from the preceding standard anal-
ysis that a fixed point exists, let us now search for
the corresponding line of fixed points within the mass
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parametrization, by looking for fixed point solutions sat-
isfying ∂tχ = 0 and ∂tµ
2
t = 0. The reduced flow equation
for the top mass parameter in the above mentioned limit
reads
∂tµ
2
t = −2µ2t +
µ2t
8π2χ
(
9
4(1 + µ2W )
2
− µ
2
t
µ2W (1 + µ
2
t )
2
)
.
(39)
The correspondingly reduced fixed point equation ∂tχ =
0 yields exactly one solution, reading
χ∗ = − 1
16π2
( µ2t (1 + 3µ2t )
(1 + µ2t )
3µ2W
− 9(1 + 3µ
2
W )
4(1 + µ2W )
3
)
. (40)
We can plug this result into the flow equation (39) for µ2t
to solve for fixed points, giving three solutions for µ2W as
a function of µ2t . The solutions with positive, real masses
µ2t and µ
2
W are depicted in Fig.2. Apart from our main
solution (solid line), the second solution (dashed lines)
results in negative values for χ∗ and hence also for µ2H,
and therefore will be discarded in the remainder. As the
flows of µ2t and µW are proportional, their ratio remains
undetermined and thus parametrizes a line of fixed points
as expected above.
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FIG. 2: Fixed point values for µ2W (left panel) and χ (right
panel) as a function of the fixed point value of µ2t for NL =
2. Our main solution is shown as a solid line, whereas the
dashed line depicts a second solution with legitimate values of
the gauge and fermion sector, but a (physically inadmissible)
negative χ.
It is reassuring to observe that the fixed point A identi-
fied in the standard parametrization of the flow equations
in Subsect. IVC in the limit g2 → 0,
A : (µ∗2t , µ∗2W , χ∗) ≃ (0.38, 0.21, 0.0037), (41)
cf. Fig.1, is exactly on the (physically admissible) line of
fixed points. Along this line, we observe that for µ∗2t =
O(1), we have µ∗2W ≃ O(0.1, . . . , 1), but a much smaller
χ∗ = O(10−3). These properties also affect the typical
mass hierarchy in the IR, see below.
Let us finally compute the critical exponents θi along
the line of fixed points from the stability matrix, as de-
fined in Eq. (33), in terms of the generalized couplings
gj within the mass parametrization {g2, µ2t , µ2W , χ}. The
results for the critical exponents are depicted in Fig. 3
as a function of the fixed point value µ∗2t . Two of the
four critical exponents are zero. Two others start off at
θ1 = 2, θ2 = 0, respectively, for µ
∗2
t = 0, i.e., at the
same values as the canonical dimensions at the Gaußian
fixed point, but then approach each other for finite µ∗2t ,
merging at µ∗2t ≃ 0.35. For µ∗2t > 0.35 they form a com-
plex pair with equal real part, Reθ1,2 = 1 and conjugate
imaginary parts, as shown in the right panel of Fig. 3.
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FIG. 3: Critical exponents for the line of fixed points com-
puted in the mass parametrization as a function of the fixed
point top mass parameter µ∗2t for NL = 2; left panel: real
parts, right panel: imaginary parts. The fixed point near
µ∗2t ≃ 0.35, where the two positive exponents merge and start
to form a complex pair, corresponds to the fixed point B in-
troduced below.
As a particular example, let us list the critical expo-
nents at the fixed point A already discovered in the stan-
dard parametrization of the flow given in Eq. (41). These
exponents are given by
A : θ1/2 = 1± 0.36i , θ3 = θ4 = 0 . (42)
The first two critical exponents form a complex pair and
thus describe a spiraling approach towards the fixed point
on the corresponding UV critical hypersurface. One of
the marginal directions points along the direction of the
gauge coupling. From asymptotic freedom of the gauge
sector, we can infer that this is a marginally-relevant di-
rection. The other marginal direction is related to the
existence of a line of fixed points. This direction must
be exactly marginal in our truncation, as a perturbation
of the couplings at a given fixed point along the line of
fixed points just puts the system onto another fixed point
where the flow vanishes completely.
Another special example is the fixed point B :
(µ∗2t , µ
∗2
W , χ
∗) ≃ (0.35, 0.19, 0.0037), denoting the branch
point where the two largest real exponents start to form a
complex pair. Exactly at B, we have θ1/2 = 1, θ3,4 = 0.
To summarize, we have identified a line of UV sta-
ble fixed points that can serve to define UV complete
quantum field theories of gauged Higgs-Yukawa models
by means of suitable RG trajectories that emanate from
the fixed point in the UV. Specifying a certain trajec-
tory yields a fully predictive long-range theory. It is in-
structive to compare our asymptotically safe models with
the standard Gaußian fixed point used for perturbative
renormalization; theories near the Gaußian fixed points
have to be defined in terms of four physical parameters
corresponding, for instance, to the relevant mass param-
eter of the Higgs potential, and the marginal scalar self-
interaction, Yukawa coupling and gauge coupling.
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By contrast, in the present asymptotically safe model
defined in terms of a trajectory emanating from a fixed
point, each trajectory is defined in terms of three physical
parameters corresponding to the two relevant directions
and the marginally relevant gauge coupling. The fourth
parameter does not correspond to a physical parame-
ter in a particular theory, but corresponds to choosing
one fixed point on the line of fixed points, i.e., choosing
among a one-parameter family of theories. Of course,
this difference in the conceptual meaning of parameters
is not substantial from a pragmatic viewpoint, as in total
four different measurements are needed in order to fix the
long-range behavior of the system unambiguously.
Whether or not the existence of a line of fixed points
also holds beyond our truncation cannot be told from the
present investigation. It is at least well conceivable that
the degeneracy manifested by Eq. (38) is lifted by the
influence of higher order operators. If so, only a finite
number of fixed points might remain, thus potentially
also reducing the number of physical parameters as ob-
served in the ungauged Yukawa models [6, 7].
V. FLOW FROM THE ULTRAVIOLET TO THE
ELECTROWEAK SCALE
For the asymptotically safe models discovered above
to be viable building blocks of the standard model Higgs
sector, we need to show that the UV critical hypersurface
contains trajectories that end up in the Higgs phase of the
model with massive gauge bosons, a massive top quark
and a massive scalar Higgs boson. This is indeed the
case as we demonstrate in the following by integrating
the RG flow for different sets of initial conditions towards
the long-range physics.
Since the fixed points exhibit positive critical expo-
nents of order O(1), we face the standard technical prob-
lem that initial conditions near the fixed points have to
be fine-tuned in order to separate the UV scale from the
scale of IR observables. The necessary fine-tuning in the
Yukawa sector is complicated by the marginally-relevant
gauge sector which has to be UV adjusted as to provide
for a suitable IR coupling strength. This suitable UV
adjustment is not a conceptual problem, but merely a te-
dious search for the desired initial conditions which can
straightforwardly be solved, e.g., by suitable bisection
techniques. In the present case, this problem is slightly
complicated by the fact that the line of fixed points only
becomes visible in the limit g2 → 0. In order to ensure
that the flow is started sufficiently near the line of fixed
points, we thus have to start in the deep UV where g2 is
sufficiently small.
For simplicity, we will choose such a small value in the
following flow examples. We set g2 = 1/2000 at an ar-
bitrary initialization scale tinit = ln k/Λ = 10. In the
present work, this scale has a meaning of an intermedi-
ate scale, separating the infrared t < 10, where the IR
observables and the mass spectrum are built up, from
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FIG. 4: Right plot: typical UV flows to the line of fixed points
for the dimensionless parameter µ2t . Left plot: corresponding
IR trajectories for the dimensionful top mass with freeze-out.
The set of curves corresponds to different values of µ2t at the
intermediate scale t = 10 (larger to smaller from top to bot-
tom) and are normalized such that the smallest initial µ2t value
yields a top mass mt = 1 in arbitrary units.
the flow towards the fixed point regime for t > 10. Typ-
ical flows ending up in the Higgs phase are shown in
Fig. 4. All these flows are initiated near the line of UV
fixed points starting with different values of µ2t within
the interval [10−5, 0.8] at tinit = 10. For the remaining
two variables, µ2W and χ, we employ initial values that
lie close to the fixed point corresponding to the current
choice of µ2t , cf. Fig. 2. In the deep UV (right panel), the
flows approach the line of fixed points at different values
of µ∗2t (and corresponding values of µ
∗2
W and χ
∗). Towards
the IR, the flows rapidly freeze out, implying that the di-
mensionful mass parameters such as mt approach finite
values (left panel). The units are arbitrary and chosen
such that the lowest trajectory yields an IR value of 1
for the top mass mt. We observe a very similar behavior
for the other two mass variables, with the dimensionless
parameters µ2W and χ approaching their corresponding
fixed points in the UV and the dimensionful counterparts
mW and mH freezing out at finite values in the IR. The
gauge coupling exhibits the perturbative asymptotically
free log-running including the slight threshold modifica-
tions in the UV, whereas the log-running is more strongly
modified in the IR because of the decoupling of massive
modes.
These flows illustrate our conclusion that the UV line
of fixed points render the present gauged Higgs-Yukawa
model asymptotically safe. Whereas the IR exhibits a
standard Higgs phase indistinguishable from the pertur-
bative standard scenario, the UV is controlled by a fixed
point at which the continuum limit can be taken. The
theory thus is UV complete.
In addition to these results which can already be an-
ticipated from the pure fixed point analysis, we observe
further aspects of our model which require the solutions
of the flow equation: for flows starting at generic values
of µ2t , µ
2
W , χ near the line of fixed points, the hierarchy
of the fixed point values is transmuted into a similar hi-
erarchy of the particle masses: e.g., for typical flows that
approach a fixed point with µ2t of order O(0.1, . . . , 1) , we
read off from Fig. 2 (right panel), that the corresponding
χ values are typically two orders of magnitude smaller,
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FIG. 5: Compilation of IR results for flows starting on the
line of fixed points, as a function of the dimensionless mass
parameter µ2t in the deep UV for four different starting values
of the gauge coupling g2 ∈ {10−4, 5 · 10−5, 10−5, 10−6} (red,
orange, blue and purple, respectively) at t = 10. The deep
UV value of µ2t is read off at a rather extreme reference scale
t = 30000. Whereas theW to top mass ratio remains within a
very narrow range by choosing natural initial conditions (right
panel), realistic Higgs-to-top mass ratios can be approached
for specifically tuned flows (left panel). In the limit of weak
gauge coupling, these tuned flows appear to be connected with
the branching fixed point B (dashed lines).
whereas µ2W is also of order µ
2
t in this regime (left panel).
The same hierarchy then generically remains present in
the mass spectrum: the top and W mass are of the same
order, whereas the Higgs mass is typically about two or-
ders of magnitude smaller.
This preservation of UV-IR hierarchy is lifted, if the
system is tuned to certain values which depend a bit on
the value of the gauge coupling at the initialization scale
tinit. For these specifically tuned flows, the UV behav-
ior still exhibits the parameter hierarchy, whereas the
IR can behave differently. A variety of UV-IR solutions
for varying initial condition µ2t at tinit are compiled in
Fig. 5 and depicted as a function of the deep UV value
for µ2t (read off at t > 130, cf. Fig. 4). These ini-
tial conditions have been chosen such that the W mass
to top mass ratio remains slightly above the physical
value near ≃ 0.5, as shown in the right panel. This im-
plies that, as the top mass increases by a factor of two,
also the W mass is about twice as large. This is dif-
ferent for the Higgs mass (left panel), which generically
is two orders of magnitude smaller than the top mass.
Only for the particularly tuned trajectories, the situa-
tion changes and we find Higgs mass to top mass ratios
ultimately approaching the realistic ratio 125/175 ≃ 0.7.
Four such trajectory sets with corresponding tuning are
shown in Fig. 5 for different values of the gauge coupling
g2 ∈ {10−4, 5 · 10−5, 10−5, 10−6} at tinit.
The particularities of these specifically tuned flows be-
come obvious from the behavior of the trajectories at in-
termediate scales. Whereas generic flows consist of a UV
fixed-point regime, an IR freeze-out regime and a cross-
over in between, flows that lead to larger Higgs masses
exhibit an additional quasi-fixed-point regime at inter-
mediate scales. This “walking” behavior is, for instance,
visible for the lower lines in Fig. 4 (right panel), showing
a cross-over from the UV fixed point to an intermedi-
ate walking regime which can extend over a wide range
of scales. This intermediate regime is characterized by
small values of the dimensionless mass parameters. The
corresponding β functions are obviously small here but
non-vanishing. We interpret this walking regime as the
remnant of the line of the (g2 → 0) fixed points at finite
values of g2.
It is interesting to observe that trajectories exhibiting
this walking regime are connected with sharply defined
fixed point values of µ∗2t . The latter in turn depends on
the initial choice for the value of the gauge coupling. In
the limit of small initial gauge coupling, our results in-
dicate that the trajectories approach the branching fixed
point B with µ∗2t ≃ 0.35, cf. dashed lines in Fig. 5. In
our parameter scans, we have not been able to find tra-
jectories that emanate from the line of fixed points at
values µ∗2t < 0.35. This might indicate that the RG flow
close to this branch of the line of fixed points is rather
strong. This would go along with the fact that the value
of the largest critical exponent increases for smaller µ∗2t ,
cf. Fig. 3 (left panel), such that finding those trajecto-
ries requires more sophisticated fine-tuning procedures.
Alternatively, these fixed points might not be directly
connected to a massive Higgs phase in the IR. These
questions deserve further study.
VI. CONCLUSIONS
We have discovered a line of interacting fixed points
in the RG flow of gauged chiral Higgs-Yukawa models.
Each fixed point gives rise to a novel universality class of
UV complete asymptotically safe quantum field theories
with interacting fermions, gauge fields and elementary
scalars. We have demonstrated that UV complete RG
trajectories emanating from the line of fixed points ex-
hibit a Higgs phase with massive top quark, gauge bosons
and Higgs boson. If similar properties hold for the stan-
dard model, the existence of such a line of fixed points
solves the triviality problem of the top-Higgs sector of
the standard model.
The non-trivial UV behavior is characterized by
asymptotic freedom in all interaction couplings and a
quasi-conformal behavior in all mass-like parameters.
In other words, the fixed point theories live in the
symmetry-broken regime with all masses running pro-
portional to the RG scale. In particular, the scalar ef-
fective potential approaches asymptotic flatness in the
UV, with a non-vanishing minimum increasing inversely
proportional to the asymptotically free gauge coupling.
Our computations are based on a functional RG ap-
proach at next-to-leading order in a derivative expansion.
Our results for the UV behavior at leading order and
next-to-leading order are identical, providing evidence
for a good convergence of our nonperturbative approx-
imation scheme. In this scheme, we have determined the
critical exponents along the line of fixed points, two of
which belong to RG relevant directions. The gauge cou-
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pling remains a marginally-relevant direction, whereas
perturbations along the line of fixed points are exactly
marginal. As a consequence, these asymptotically safe
theories have one parameter less than their correspond-
ing (non UV-complete) perturbative counterparts near
the Gaußian fixed point. However, this one parameter is
transmuted into the one-parameter family of fixed points
distinguishing different universality classes along the line
of fixed points.
We have performed non-exhaustive scans of typical
long-range properties of the system in the Higgs phase.
A generic feature appears to be that the mass of the
Higgs boson is about two orders of magnitude smaller
than the top quark mass and the gauge boson mass; the
latter masses are typically of similar size. This mass hi-
erarchy is a consequence of a corresponding hierarchy of
fixed point values. We observe that this hierarchy can be
lifted along special trajectories which exhibit an interme-
diate walking regime. If similar properties are also found
for the full standard model, a construction of a realistic
model with improved UV behavior seems within reach.
In this respect, the IR results of the present model
are remarkable, since the “IR window”, i.e., the physi-
cal parameter space accessible in the IR, appears to be
rather different from that of the standard model in a
perturbative treatment. The latter as well as many of
its extensions typically feature upper and lower bounds
on the mass of the Higgs boson as a function of the UV
cutoff [44] with the recently measured Higgs boson mass
[45] being near or even somewhat below the lower bound.
The present model therefore provides for an example that
a modified nonperturbative UV running of the couplings
can strongly influence the shape of the IR window with-
out modifying the particle content or the interactions.
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Appendix A: Regulators and threshold functions
1. Regulators
We have to evaluate the r.h.s of eq. (5), for which we
need the Γ
(2)
k matrix. Let us consider the fields φi, ψL,
ψR, W , c, c¯ as column vectors, with a number of com-
ponents respectively given by NL, dγNgNL, dγNg, ddad,
dad, dad. Accordingly let us consider ψ¯L and ψ¯R as row
vectors. Taking care of the partly Grassmann-valued field
components and of the Fourier conventions, let us denote
by ΦT(q) the row vector with components φT1 (q), φ
T
2 (q),
ψTL (q), ψ¯L(−q), ψTR(q), ψ¯R(−q),WT(q), cT(q), c¯T(q), and
by Φ(p) the column vector given by its transposition.
Then Γ
(2)
k is computed as follows
Γ
(2)
k =
−→
δ
δΦT(−p)Γk
←−
δ
δΦ(q)
.
For a proper IR regularization, a regulator which is di-
agonal in field space is sufficient and convenient,
Rk(q, p) = δ(p− q)


RB 0 0 0 0
0 RL 0 0 0
0 0 RR 0 0
0 0 0 RG 0
0 0 0 0 Rgh

(p) ,
with a 2NL × 2NL matrix for the scalar bosonic sector
RB(p) =
(
δab 0
0 δab
)
Zφp
2rB(p
2),
an 2dγNgNL×2dγNgNL matrix for the left-handed spinor
RL(p) = −
(
0 δabp/T
δabp/ 0
)
ZLrL(p
2) ,
an 2dγNg × 2dγNg matrix for the right-handed spinor
RR(p) = −
(
0 p/T
p/ 0
)
ZRrR(p
2) ,
a ddad × ddad matrix for the gauge vector boson
RG(p) = ZW p
2rGT(p
2)ΠµνT (p)δ
ij
+
Zφp
2rGL(p
2)
α
ΠµνL (p)δ
ij ,
where the Π’s are the usual longitudinal and transverse
projectors with respect to pµ, and a 2dad × 2dad matrix
for the ghosts
Rgh =
(
0 δij
−δij 0
)
p2rgh(p
2) .
Notice that here and in the whole paper we set Zgh = 1 at
any scale, that is: we neglect ηgh. Choosing different reg-
ulators for the scalar bosons (B), for the transverse gauge
bosons (GT), for the longitudinal gauge boson (GL), for
the ghosts (gh) and for the left-handed (L) as well as for
the right-handed (R) spinors, allows one to write the flow
equation in the form
∂tΓk =
1
2
∂˜tSTr log(Γ
(2)
k +Rk) ,
where
∂˜t ≡ ∂t(ZφrB)
Zφ
· δ
δrB
+
∂t(ZLrL)
ZL
· δ
δrL
(A1)
+
∂t(ZRrR)
ZR
· δ
δrR
+
∂t(ZW rGT)
ZW
· δ
δrGT
+
∂t(ZφrGL)
Zφ
· δ
δrGL
+ ∂trgh · δ
δrgh
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and · denotes multiplication as well as integration over
the common argument of the shape functions of the two
factors. After having performed this differentiation we
are free to specify the form of the shape functions r. See
App. A 2 for an example of such a choice.
2. Threshold functions
Since in the SSB regime one of the left-handed Weyl
fermions together with the right-handed one gets mas-
sive, it is useful to introduce a superscript (F) to denote
the corresponding Dirac fermion. Then the regularized
kinetic (or squared kinetic) terms are given by
PB/GT/GL/gh(x) = x(1 + rB/GT/GL/gh(x))
PL(x) = x(1 + rL(x))
2
PF(x) = x(1 + rL(x))(1 + rR(x)) .
Accordingly, the loop momentum integrals appearing on
the r.h.s. of the flow equation are classified, implicitly
defining the corresponding threshold functions. In the
following, the operator ∂˜t is the one defined in Eq. (A1).
We also use the abbreviations
∫
p
≡ ∫ ddp
(2pi)d
and vd =
1/(2d+1πd/2Γ(d/2)), such that v4 = 1/(32π
2). Then, the
threshold functions read
l
(B/F/L/gh)d
0 (ω) =
k−d
4vd
∫
p
∂˜t log
(
PB/F/L/gh + ωk
2
)
l
(G)d
0T/L(ω) =
k−d
4vd
∫
p
∂˜t log
(
PGT/GL + ωk
2
)
l(FB)dn1,n2 (ω1, ω2) = −
k2(n1+n2)−d
4vd
×
∫
p
∂˜t
1
(PF + ω1k2)n1(PB + ω2k2)n2
l(BG)dn1,n2 (ω1, ω2) = −
k2(n1+n2)−d
4vd
×
∫
p
∂˜t
1
(PB + ω1k2)n1(PGT + ω2k2)n2
m
(F)d
2 (ω) =−
k6−d
4vd
∫
p
p2∂˜t
(
∂
∂p2
1
PF + ωk2
)2
m
(F)d
4 (ω) =−
k4−d
4vd
×
∫
p
p4∂˜t
(
∂
∂p2
1 + rL
PF + ωk2
)(
∂
∂p2
1 + rR
PF + ωk2
)
m
(G)d
2 (ω) =−
k6−d
4vd
∫
p
p2∂˜t
(
∂
∂p2
1
PGT + ωk2
)2
m
(B)d
2,2 (ω1, ω2) = −
k6−d
4vd
×
∫
p
p2∂˜t
(
∂
∂p2PB
(PB + ω1k2)2
∂
∂p2PB
(PB + ω2k2)2
)
m
(LB)d
1,2 (ω1, ω2) = −
k4−d
4vd
×
∫
p
p2∂˜t
(
1 + rR
PF + ω1k2
∂
∂p2PB
(PB + ω2k2)2
)
m
(RB)d
1,2 (ω1, ω2) = −
k4−d
4vd
×
∫
p
p2∂˜t
(
1 + rL
PF + ω1k2
∂
∂p2PB
(PB + ω2k2)2
)
m
(LG)d
1,2 (ω1, ω2) = −
k4−d
4vd
×
∫
p
p2∂˜t
(
1 + rR
PF + ω1k2
∂
∂p2PGT
(PGT + ω2k2)2
)
ad1(ω) =−
k6−d
16vd
∫
p
1
p2
∂˜t
(
1
PGT + ωk2
)2
ad3(ω1, ω2) = −
k4−d
4vd
∫
p
∂˜t
(
1 + rR
PF + ω1k2
1
PGT + ω2k2
)
.
For practical computations, we use the linear regulator
for the scalar bosons, for the gauge bosons and for the
ghosts
xrB/GT/GL/gh(x) = (1 − x)θ(1 − x), (A2)
where x = q2/k2. For the spinor fermions the linear
regulator corresponds to a shape function rL/R such that
x(1 + rB(x)) = x(1 + rL/R(x))
2. This regulator satisfies
an optimization criterion within our present truncation
and is technically advantageous, as we can perform all
momentum integrations analytically, obtaining
l
(B)d
0 (ω) =
2
d
1− ηφd+2
1 + ω
,
l
(F)d
0 (ω) =
2
d
1− ηL+ηR2(d+1)
1 + ω
,
l
(L)d
0 (ω) =
2
d
1− ηLd+1
1 + ω
,
l
(G)d
0T (ω) =
2
d
1− ηWd+2
1 + ω
,
l
(G)d
0L (ω) =
2
d
1− ηφd+2
1 + ω
,
l
(gh)d
0 (ω) =
2
d
1
1 + ω
,
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l(FB)dn1,n2 (ω1, ω2) =
2
d
[
n1
1− ηL+ηR2(d+1)
(1 + ω1)1+n1(1 + ω2)n2
+ n2
1− ηφd+2
(1 + ω1)n1(1 + ω2)1+n2
]
,
l(BG)dn1,n2 (ω1, ω2) =
2
d
[
n1
1− ηφd+2
(1 + ω1)1+n1(1 + ω2)n2
+ n2
1− ηWd+2
(1 + ω1)n1(1 + ω2)1+n2
]
,
m
(F)d
2 (ω) =
1
(1 + ω)4
,
m
(F)d
4 (ω) =
1
(1 + ω)4
+
1− 12 (ηL + ηR)
(d− 2)(1 + ω)3
−
(
1− 12 (ηL + ηR)
2d− 4 +
1
4
)
1
(1 + ω)2
,
m
(G)d
2 (ω) =
1
(1 + ω)4
,
m
(B)d
2,2 (ω1, ω2) =
1
(1 + ω1)2(1 + ω2)2
,
m
(LB)d
1,2 (ω1, ω2) =
1− ηφd+1
(1 + ω1)(1 + ω2)2
,
m
(RB)d
1,2 (ω1, ω2) =
1− ηφd+1
(1 + ω1)(1 + ω2)2
,
m
(LG)d
1,2 (ω1, ω2) =
1− ηWd+1
(1 + ω1)(1 + ω2)2
,
ad1(ω) =
1− ηWd
d− 2
1
(1 + ω)3
,
ad3(ω1, ω2) =
2
d− 1
1− ηWd+1
(1 + ω1)(1 + ω2)2
+
1
d− 1
(
1− ηLd
)− ω1 (1− ηRd )
(1 + ω1)2(1 + ω2)
.
Appendix B: Derivation of the flow equations for the
matter sector
The computation of the RG flow of the matter sector
inside the truncation (9) will be sketched. For further
details see [46].
1. Flow equation for the potential
The flow of the potential can be computed by setting
the field φa to a constant value and all the other fields to
zero. This projects both sides of the flow onto the scalar
potential. Then, in Landau gauge the matrix Γ
(2)
k + Rk
can be inverted easily. Multiplying with the derivative
of the regulator, and taking the supertrace yields the re-
sult. This can be interpreted as an improved one-loop
computation for a 0-point function, i.e. a sum over all
the one-loop graphs with no external legs. The gauge
contribution takes the form of a closed gauge boson prop-
agator, and since it does not involve any vertex, it should
not explicitly depend on g¯. Indeed we get
∂tU =
1
2
∫
ddp
(2π)d
∂tPB
[
2NL − 1
ZφPB + U ′
+
1
ZφPB + U ′ + 2ρU ′′
]
−dγNg
∫
ddp
(2π)d
{[
(NL − 1) + ZLZRPF
ZLZRPF + ρh¯2
]
∂t[ZLrL]
ZL(1 + rL)
+
ZLZRPF
ZLZRPF + ρh¯2
∂t[ZRrR]
ZR(1 + rR)
}
+
1
2
N2L−1∑
i=1
∫
ddp
(2π)d
[
(d− 1) ∂t(ZW p
2rGT)
ZWPGT + m¯2W,i
+
∂t(Zφp
2rGL)
ZφPGL
]
−
∫
ddp
(2π)d
dadp
2∂trgh
Pgh
that is, in terms of threshold functions
∂tU = 2vdk
d
{
(2NL − 1)l(B)d0
(
U ′
Zφk2
)
+ l
(B)d
0
(
U ′+2ρU ′′
Zφk2
)
− dγNg
[
(NL − 1)l(L)d0 (0) + 2l(F)d0
(
ρh¯2
ZLZRk2
)]
−2dadl(gh)d0 (0) +
dad∑
i=1
[
(d− 1)l(G)d0T
(
m¯2W,i
ZW k2
)
+ l
(G)d
0L (0)
]}
where U is a function of ρ. Switching to dimensionless quantities this becomes Eq. (23).
2. Flow equation for the Yukawa coupling
For the derivation of the flow of the Yukawa coupling,
we first separate the bosonic field into the vev and a
purely radial deviation from the vev. This corresponds
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to setting ∆φ2 = 0 in Eq. (6). While this is irrelevant
in the symmetric regime, it makes a difference in the
SSB regime, as it projects onto the the Yukawa coupling
between the fermions and Higgs boson, being the radial
mode. The projection of the flow equation onto such an
operator reads
∂th¯ = − 1√
2
−→
δ
δψ¯nˆL(p)
−→
δ
δ∆φnˆ1 (p
′)
∂tΓk
←−
δ
δψR(q)
∣∣∣∣∣
0
. (B1)
The vertical line indicates that the equation is evaluated
at vanishing momenta p′ = p = q = 0 and at van-
ishing fluctuation fields. Next, we can decompose the
matrix (Γ
(2)
k + Rk) into two parts. One part, which we
call (Γ
(2)
k,0 + Rk), contains only v and is independent of
the fluctuations. The remaining part, ∆Γ
(2)
k , contains
all fluctuating fields. Using the ∂˜t-notation of App. A 2
and expanding by means of the Mercator series, the flow
equation can be written as
∂tΓk =
1
2
∞∑
s=1
(−)s+1
s
STr∂˜t
[(
∆Γ
(2)
k
Γ
(2)
k,0 +Rk
)s]
+
1
2
STr∂˜t log(Γ
(2)
k,0 +Rk) . (B2)
Plugging this expression into equation (B1), only the
term to third power in ∆Γ
(2)
k survives the projection.
Since we took three derivatives of the Wetterich equation,
the diagrammatic interpretation of the result is in terms
of one-loop graphs with three external legs: two fermions
of opposite chirality and one radial scalar. The gauge
contribution comes from triangular loops with three dif-
ferent propagators: one scalar, one spinor and one gauge
vector. It always involves the two-scalars-one-vector ver-
tex. This vertex is proportional to the difference of in-
coming scalar momenta, while the gauge boson propaga-
tor in Landau gauge is transverse. These two facts plus
conservation of momentum entail that the direct gauge
contribution to the momentum-independent Yukawa cou-
pling under consideration vanishes in our truncation.
This formal argument can straightforwardly be verified
by performing the matrix calculations and taking the su-
pertrace, yielding
∂th¯ = − h¯
3
2
∫
ddp
(2π)d
∂˜t
[
1
ZLZRPF + ρh¯2
(
2ρU ′′
(ZφPB + U ′)2
− 6ρU
′′ + 4ρ2U ′′′
(ZφPB + U ′ + 2ρU ′′)2
)
+
2ρh¯2
(ZLZRPF + ρh¯2)2
(
1
ZφPB + U ′
− 1
ZφPB + U ′ + 2ρU ′′
)
− 1
ZLZRPF + ρh¯2
(
1
ZφPB + U ′
− 1
ZφPB + U ′ + 2ρU ′′
)]
where the whole r.h.s. should be evaluated at the value ρ = 12 v¯
2 that minimizes the potential U . In terms of the
threshold functions as defined in App. A 2 this reads
∂th¯
2 =
4vdh¯
4
ZLZRZφk4−d
[2ρU ′′
Zφk2
l
(FB)d
1,2
(
ρh¯2
ZLZRk2
, U
′
Zφk2
)
− 6ρU
′′ + 4ρU ′′′
Zφk2
l
(FB)d
1,2
(
ρh¯2
ZLZRk2
, U
′+2ρU ′′
Zφk2
)
+
2ρh¯2
k2
l
(FB)d
2,1
(
ρh¯2
ZLZRk2
, U
′
Zφk2
)
− 2ρh¯
2
k2
l
(FB)d
2,1
(
ρh¯2
ZLZRk2
, U
′+2ρU ′′
Zφk2
)
−l(FB)d1,1
(
ρh¯2
ZLZRk2
, U
′
Zφk2
)
+ l
(FB)d
1,1
(
ρh¯2
ZLZRk2
, U
′+2ρU ′′
Zφk2
) ]
.
Switching over to dimensionless quantities, we end up with the representation (25) given in the main text.
3. Flow of the scalar anomalous dimension
For the derivation of the flow of Zφ, we decompose
the bosonic field as in App. B2. The projection of the
Wetterich equation onto the massive scalar kinetic term
leads us to
∂tZφ = − ∂
∂(p′2)
δ
δ∆φnˆ1 (p
′)
δ
δ∆φnˆ1 (q
′)
∂tΓk
∣∣∣∣∣
0
.
As before the vertical line indicates that the equation is
evaluated at vanishing momenta p′ = q′ = 0 and at van-
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ishing fluctuation fields. Expanding again the r.h.s. of
the flow equation according to eq. (B2), this time only the
second order term (s = 2) contributes. Since two deriva-
tives of the flow equation have to be taken, the result can
diagrammatically be interpreted as one-loop graphs with
two external scalar legs. From a one-loop analysis we ex-
pect two kinds of gauge contributions. One is due to the
two-scalars-one-vector vertex and produces a loop con-
taining one scalar and one gauge boson propagator. This
is present in both the symmetric and in the spontaneously
broken regimes. Another is due to the two-scalars-two-
vectors vertex. If two external scalar legs are identified
with the vev, the corresponding loop contains two gauge
boson propagators. Therefore this contribution will be
present only in the SSB regime. Indeed, performing the
matrix calculations and taking the supertrace we find
∂tZφ =
1
d
∫
ddp
(2π)d
∂˜t


(3√2ρU ′′ + 2√2ρ3U ′′′)2p2Z2φ
(
∂
∂p2PB
(ZφPB + U ′ + 2ρU ′′)2
)2
+ (2NL − 1)2ρU ′′2p2Z2φ
(
∂
∂p2PB
(ZφPB + U ′)2
)2
+dγNgh¯
2
[
2p4ZLZR
(
∂
∂p2
1 + rL
ZLZRPF + ρh¯2
)(
∂
∂p2
1 + rR
ZLZRPF + ρh¯2
)
− 2ρh¯2p2
(
∂
∂p2
1
ZLZRPF + ρh¯2
)2]
−4(d− 1)g¯2Z2φ
NL∑
a=1
dad∑
i=1
T inˆaT
i
anˆ
(ZφPB + U ′)(ZWPGT + m¯2W,i)
+
(d− 1)
ρ
dad∑
i=1
m¯4W,i

 1
p2(ZWPGT + m¯2W,i)
2
+ 2p2
(
∂
∂p2
1
ZWPGT + m¯2W,i
)2

 .
Again the whole r.h.s. should be evaluated at the value ρ = 12 v¯
2 that minimizes the potential U . Translating this
result in terms of threshold functions, yields
∂tZφ = − 8vd
Z2φk
6−dd
[(
3
√
ρU ′′ + 2
√
ρ3U ′′′
)2
m
(B)d
2,2
(
U ′+2ρU ′′
Zφk2
, U
′+2ρU ′′
Zφk2
)
+ (2NL − 1)ρU ′′2m(B)d2,2
(
U ′
Zφk2
, U
′
Zφk2
)]
−4vddγNg
d
[
2h¯2
ZLZRk4−d
m
(F)d
4
(
ρh¯2
ZLZRk2
)
− 2ρh¯
4
Z2LZ
2
Rk
6−d
m
(F)d
2
(
ρh¯2
ZLZRk2
)]
+
16vd(d− 1)
d
g¯2Zφ
k4−dZW
NL∑
a=1
dad∑
i=1
T inˆaT
i
anˆ l
(BG)d
1,1
(
U ′
Zφk2
,
m¯2W,i
ZW k2
)
−8vd(d− 1)
d
dad∑
i=1
m¯4W,i
Z2Wk
6−dρ
[
2ad1
(
m¯2W,i
ZW k2
)
+m
(G)d
2
(
m¯2W,i
ZW k2
)]
.
In terms of dimensionless quantities, this leads to Eq. (26).
4. Flow of the spinor anomalous dimensions
For the anomalous dimensions of the spinors, the pro-
cedure is very similar to the one explained for the scalar.
In the broken regime, the wave function renormalization
of the left-handed spinors in principle splits into two func-
tions. Here we concentrate only on the wave function
renormalizations associated with the massive top quark,
i.e. those for the nˆ-th left-handed component and for the
right-handed one. We start with the projection
∂tZL/R,k =
−1
2vddγNg
trγµ
∂
∂p′µ
−→
δ
δψ¯nˆL/R(p
′)
∂tΓk
←−
δ
δψnˆL/R(q
′)
∣∣∣∣∣
0
where the trace is over spinor and generation indices. As
before, the vertical line denotes that the equation is eval-
uated at vanishing momenta p′ = q′ = 0 and at vanishing
fluctuation fields. Expanding the r.h.s. of the flow equa-
tion according to Eq. (B2), only the second order term
(s = 2) contributes. Obviously, the right-handed fermion
does not receive direct corrections from the gauge boson
whereas the left-handed fermion does. The gauge-field-
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independent contributions differ from the results of [7] by
a factor of two due to a qualitatively irrelevant prefactor
error in the earlier paper. For the right-handed spinor,
the result is
∂tZR =
h¯2
d
∫
ddp
(2π)d
p2∂˜t
[
ZR(1 + rR)
ZLZRPF + ρh¯2
(
Zφ
∂
∂p2PB
(ZφPB + U ′ + 2ρU ′′)2
+
Zφ
∂
∂p2PB
(ZφPB + U ′)2
)
+2(NL − 1)ZR(1 + rR)
ZLZRPF
Zφ
∂
∂p2PB
(ZφPB + U ′)2
]
.
In terms of threshold functions, this reads
∂tZR = − 4vdh¯
2
dZφZLk4−d
[
m
(LB)d
1,2 (
ρh¯2
ZLZRk2
, U
′+2ρU ′′
Zφk2
) +m
(LB)d
1,2 (
ρh¯2
ZLZRk2
, U
′
Zφk2
) + 2(NL − 1)m(LB)d1,2 (0, U
′
Zφk2
)
]
,
which leads to Eq. (27) in terms of dimensionless quantities. For the left-handed fermion, the result is
∂tZL =
∫
ddp
(2π)d
∂˜t
{
h¯2
d
ZLp
2(1 + rL)
ZLZRPF + ρh¯2
(
Zφ
∂
∂p2PB
(ZφPB + U ′ + 2ρU ′′)2
+
Zφ
∂
∂p2PB
(ZφPB + U ′)2
)
− (d− 1)
d
g¯2Z2L
dad∑
i=1
(T inˆnˆ)
2
[(
2
ZWPGT + m¯2W,i
+ 2p2
∂
∂p2
1
ZWPGT + m¯2W,i
)(
ZR(1 + rR)
ZLZRPF + ρh¯2
− ZR(1 + rR)
ZLZRPF
)]
− (d− 1)
d
g¯2Z2L
NL∑
a=1
dad∑
i=1
T inˆaT
i
anˆ
[(
2
ZWPGT + m¯2W,i
+ 2p2
∂
∂p2
1
ZWPGT + m¯2W,i
)
ZR(1 + rR)
ZLZRPF
]}
.
In terms of threshold functions, we obtain
∂tZL = − 4vdh¯
2
dZφZRk4−d
[
m
(RB)d
1,2
(
ρh2
ZLZRk2
, U
′+2ρU ′′
Zφk2
)
+m
(RB)d
1,2
(
ρh2
ZLZRk2
, U
′
Zφk2
)]
− 8vd(d− 1)
d
g¯2ZL
ZWk4−d
{
dad∑
i=1
(T inˆnˆ)
2
[
m
(LG)d
1,2
(
ρh2
ZLZRk2
,
m¯2W,i
ZW k2
)
−m(LG)d1,2
(
0,
m¯2W,i
ZW k2
)
− ad3
(
ρh2
ZLZRk2
,
m¯2W,i
ZW k2
)
+ ad3
(
0,
m¯2W,i
ZW k2
)]
+
NL∑
a=1
dad∑
i=1
T inˆaT
i
anˆ
[
m
(LG)d
1,2
(
0,
m¯2W,i
ZW k2
)
− ad3
(
0,
m¯2W,i
ZW k2
)]}
,
the translation into dimensionless quantities of which agrees with Eq. (28). Upon a global color rotation, we can
choose (without loss of generality) the direction of the vev nˆ to point along a single color axis, i.e. nˆa ∝ δaA. Then,
this anomalous dimension takes a simpler form, given in Eq. (29).
Appendix C: Flow equation for the gauge coupling
In this appendix, we set the spacetime dimension to
d = 4, and we focus on the gauge group SU(NL). Since
we will be satisfied with the one loop beta function we
set all the wave function renormalizations to one (terms
of order O(∂tZ) on the r.h.s. of the flow equation lead
to higher loop corrections of the βg2 function). Still,
relevant nonperturbative information will arise from the
threshold behavior describing the decoupling of massive
modes.
1. Contribution from the gauge modes
For the gauge contribution, the relevant part of the
effective Lagrangian is
Lk ∋ 1
4
(F iµν )
2 + g¯2W iµW
j
µφ
†aT iabT
j
bcφ
c + Lk,gf + Lk,gh
=
1
4
(F iµν )
2 +
g¯2v¯2
2
nˆ†aT iabT
j
bcnˆ
cW iµW
j
µ + · · · .
This defines the mass matrix for the gauge bosons, as
given in eq. (10). As the generators are real, the mass
matrix has real eigenvalues. In order to compute the
running coupling, we use the background-field method
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and project on the operator F 2/4. To the present one-
loop order, no distinction between the background field
and the fluctuation field has to be made [32, 34], such that
it suffices to compute the Hessian Γ¯
(2)
k at zero fluctuation
field. Here and in the following, we use the notation of
[32, 35]. This Hessian for the W -boson reads
Γ¯
(2) ij
k µν
∣∣∣
W
= D ijTµν +
(
1− 1
α
)
DilµD
lj
ν + m¯
2 ij
W δµν ,
whereDTµν = −D2δµν+2ig¯Fµν . The contributions from
ghost fluctuations are
Γ¯
(2) ij
k
∣∣∣
gh
= −DilµDljµ +O(α2) ≡ −(D2)ij +O(α2).
As we will focus on Landau gauge (α → 0), we ignore
from now on the ghost-Higgs contributions ∼ O(α2).
For a covariantly-constant background field, projectors
onto the longitudinal and transverse subspaces w.r.t. the
background field exist,
ΠT +ΠL = 1 , Π
2
T/L = ΠT/L , ΠTΠL = 0,
with ΠLµν = −(D−1T )µλDλDν and ΠT = 1 − ΠL, such
that
Γ¯
(2) ij
k µν
∣∣∣
W
= Π ilTµλ
[
D ljTλν + m¯2 ijW δλν
]
+ Π ilLµλ
[
1
α
D ljTλν + m¯2 ijW δλν
]
We choose a similar decomposition for the regulator
Rk
∣∣∣
W
= ΠTDTrk
(DT
k2
)
+ΠL
1
α
DTrk
(DT
k2
)
hence also the functional trace on the r.h.s. of the flow
equation decomposes into these two sectors. Using the
important property that
Tr [ΠLf(DT)] = Tr
[
f(−D2)] ,
we get
Tr
[
∂tRk
Γ
(2)
k +Rk
]
W
=Tr
[
ΠT
DT∂trk
(
DT
k2
)
DT
(
1 + r
(
DT
k2
))
+ m¯2W
]
+Tr

 (−D2)∂trk
(
−D2
k2
)
(−D2) (1 + r(−D2k2 ))+ αm¯2W


and writing ΠT = 1−ΠL in the first term we obtain two
unconstrained traces for different differential operators.
The ghost contribution gives
Tr
[
∂tRk
Γ
(2)
k +Rk
]
gh
= −2Tr

 (−D2)∂trk
(
−D2
k2
)
(−D2) (1 + r(−D2k2 ))


such that the total contribution reads in the Landau
gauge α→ 0
STr
[
∂tRk
Γ
(2)
k +Rk
]
W
== Tr
[
DT∂trk
(
DT
k2
)
DT
(
1 + r
(
DT
k2
))
+ m¯2W
]
− Tr

 (−D2)∂trk
(
−D2
k2
)
(−D2) (1 + r(−D2k2 ))+ m¯2W

− Tr

 (−D2)∂trk
(
−D2
k2
)
(−D2) (1 + r(−D2k2 ))

 .
(C1)
To simplify the calculation, we choose a basis in adjoint
color space where the gauge boson mass matrix is di-
agonal, as in Eq. (11), and we also specify a constant
pseudo-abelian magnetic background field
F iµν = mˆ
iFµν , mˆimˆ
i = 1 , Fµν = Bǫ
⊥
µν
where mˆ is a unit vector pointing into a direction in the
Cartan of the algebra. The constant antisymmetric ten-
sor ǫ characterizes the space directions which are affected
by the constant magnetic field upon the Lorentz force.
Recalling that the adjoint generators are (τ l)ij = if
ilj ,
we choose a basis in adjoint color space, such that if iljmˆl
is diagonal with eigenvalues νi. Then, the covariant
derivative
Dijµ = (∂µ − iνi)δij (no sum over i) (C2)
is also diagonal, and so are D2 and DT. Hence DT and
m¯2W commute, as well as D
2 and m¯2W . Equation (C1)
can thus be brought into propertime form:
STr
[
∂tRk
Γ
(2)
k +Rk
]
W
= −
∫ ∞
0
ds h˜(s, 0)Tr
[
e−s
−D2
k2
]
+
∫ ∞
0
dsTr
[
h˜
(
s,m2W
)(
e−s
DT
k2 − e−s−D
2
k2
)]
where h˜ is the Laplace transform of the function
h
(
y,m2W
)
=
y∂trk(y)
y(1 + rk(y)) +m2W
with respect to y, that is
h
(
y,m2W
)
=
∫ ∞
0
ds h˜
(
s,m2W
)
e−sy,
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where as before m2W = m¯
2
W /k
2. The heat kernel traces
are known, see [35]
Tr
[
h˜
(
s,m2W
)
e−s
DT
k2
]
=
Ωk4
4π2s2
dad∑
i=1
h˜
(
s,m2W,i
)
×
{ sbi
k2
sinh
(
sbi
k2
) + sbi
k2
sinh
(
sbi
k2
)}
Tr
[
h˜
(
s,m2W
)
e−s
−D2
k2
]
=
Ωk4
16π2s2
dad∑
i=1
h˜
(
s,m2W,i
) sbi
k2
sinh
(
sbi
k2
)
Tr
[
h˜(s, 0)e−s
−D2
k2
]
=
Ωk4
16π2s2
dad∑
i=1
h˜(s, 0)
sbi
k2
sinh
(
sbi
k2
)
(C3)
where bi = g¯|νi|B and Ω is the spacetime volume. The
first trace above is over spacetime and Lorentz and color
indices, the other two only over spacetime and color in-
dices. For the running gauge coupling we just need the
terms of order b2i , since the relevant term on the l.h.s. of
the flow equation is ∂tΓk ∋ ΩB2∂tZW /2. Using that the
running of the renormalized coupling g2 is given in terms
of the anomalous dimension, ∂tg
2 = βg2 = ηW g
2, we find
ηW
∣∣∣
W
=
−g2
32π2
dad∑
i=1
[
21h
(
0,m2W,i
)
+ h(0, 0)
] |νi|2
3
. (C4)
In the background-field method, the y → 0 limit of the
regulator is constrained [34, 35]; the only regulators per-
mitted must satisfy h(y → 0, 0) = 2. In the massless
limit we thus obtain
ηW
∣∣∣
W
= − 1
16π2
22
3
g2
dad∑
i=1
|νi|2 = − 1
16π2
22
3
g2NL,
which agrees with standard perturbation theory. Let us
work out the massive case using the linear regulator (A2).
In this case, h(y, x) = 2(1 + x)−1θ(1 − y), such that the
gauge contribution to the gauge βg2 function reeds
βg2
∣∣∣
W
= ηW
∣∣∣
W
g2 = − g
4
16π2
[
21
3
dad∑
i=1
|νi|2
1 +m2W,i
+
NL
3
]
.
The first term now depends on the choice of nˆa the di-
rection of the vev in fundamental color space. This is
expected, as for higher gauge groups different breaking
patterns and gauge masses can arise. This term also
depends in general on |νi|2, i.e. on mˆi. This is also plau-
sible, as the directions of the vev implicitly also allows
for the definition of different couplings: depending on the
relative direction of the gauge fluctuation w.r.t. the vev,
the fluctuations can couple differently to matter.
For SU(2), these issues simplify, as
m¯2 ijW =
g¯2v¯2
4
nˆ†aσiabσ
j
bcnˆ
c=
g¯2v¯2
4
(δij+ iǫijl(nˆ†σlnˆ)),
(C5)
such that tr m¯2 ijW =3g¯
2v¯2/4. Let us denote cl = (nˆ†σlnˆ).
This is a vector in adjoint space which is an eigenvector of
the mass matrix, with eigenvalue g¯2v¯2/4. One can choose
a diagonalizing orthonormal basis {e1, e2 = c/|c|, e3} in
adjoint space such that the mass matrix takes the form
m¯2W =
g¯2v¯2
4

2 0 00 1 0
0 0 0

 .
Now recall that the νi denotes the eigenvalues of
(−if ijlmˆl), that for SU(2) simply is (−iǫijlmˆl). There-
fore in SU(2) the eigenvalues are (1,−1, 0) for any choice
of mˆ. However, depending on the direction of mˆ w.r.t.
the basis defined above, the νi could be {ν1 = 1, ν2 =
−1, ν3 = 0} or possibly permutations thereof. The two
extreme cases for SU(2) are maximal or minimal decou-
pling. Maximal decoupling happens if |ν1| = |ν2| = 1 and
ν3 = 0, and in this case
βg2
∣∣∣
W
= − g
4
16π2
[
21
3
(
1
1 + g
2v2
2k2
+
1
1 + g
2v2
4k2
)
+
2
3
]
(C6)
while minimal decoupling happens if ν1 = 0 and |ν2| =
|ν3| = 1, and correspondingly
βg2
∣∣∣
W
= − g
4
16π2
[
21
3
(
1 +
1
1 + g
2v2
4k2
)
+
2
3
]
. (C7)
For SU(2) the ambiguity of the β-function arises solely
from the ambiguity of defining a coupling in the presence
of a vev. In fact, there are more quadratic invariants than
the only F 2, such as for example nˆ†aF iµνT
i
abT
j
bcF
j
µν nˆ
c.
For higher groups, even the mass matrix depends on the
choice of nˆa.
2. Contribution from scalar modes
The contribution from scalar fluctuations to the gauge
β function arises from the scalar kinetic term. The cal-
culation is very similar to that of the longitudinal gauge
modes with two differences: the field is complex and
lives in the fundamental representation. Moreover the
dimensionless scalar mass matrix in the broken regime
readsm2 abφ = (λ2v
2/2k2)nˆanˆ†b. Here, we do not attempt
to solve the problem in full generality as for the gauge
modes, but confine ourselves to a simple choice of back-
grounds. Most importantly, we choose the direction of
the pseudo abelian background to satisfy
W iµ=mˆ
iWµ , mˆimˆ
i=1 , [(mˆiT
i), nˆ⊗ nˆ†]=0 . (C8)
It is important to note that this does not constrain the
choice of the vev-direction nˆa. This is because we can
always choose a basis in fundamental color space such
that the projector Pnˆ = nˆ ⊗ nˆ† is diagonal. Then the
22
commutation relation (C8) can be satisfied by choosing
(mˆiT
i)ab to be in the Cartan, i.e. by choosing it to be
diagonal in that basis.
Let’s consider SU(2) as an example. Let nˆ = (0, 1).
Then we choose mˆ = (0, 0, 1) such that
(mˆiT
i)ab =
1
2
σ3 =
1
2
(
1 0
0 −1
)
, (C9)
obviously satisfying Eq. (C8). Before we continue with
the scalar fluctuations, let us work out the consequences
of this choice for the gauge modes of the preceding sec-
tion. The vector c for this choice becomes c = (0, 0,−1)
and the mass matrix for the gauge modes, given by (C5),
is
m¯2 ijW =
g¯2v¯2
4
(δij − iǫij3) = g¯
2v¯2
4

1 −i 0i 1 0
0 0 1

 . (C10)
The definition of νi, right above (C2), combined with the
choice mˆ = (0, 0, 1) requires us to compute the eigenval-
ues of
− iǫij3 = −i

 0 1 0−1 0 0
0 0 0

 .
The simultaneous eigenvectors of this matrix and of m¯2W
are given by
v1 =

00
1

 , v2 =

1i
0

 , v3 =

 1−i
0


with the corresponding set of eigenvalues: {m¯2W,1 =
g¯2v¯2
4 , ν1 = 0}, {m¯2W,2 = g¯
2v¯2
2 , ν2 = 1}, {m¯2W,3 = 0, ν3 =
−1}. This choice of mˆ corresponds to the minimal de-
coupling case of Eq. (C7). These considerations tell us
that the maximal decoupling solution of Eq. (C6) might
not be permitted, as it would not correspond to a legiti-
mate choice of mˆ with mˆiT
i in the Cartan (which we had
also assumed in the gluonic case in eq. (C2)). The choice
(C8) for defining mˆ therefore is related to defining the
coupling with respect to the unbroken part of the gauge
group.
Let us now return to the scalar fluctuations; Eq. (C8)
ensures that the covariant derivative in the fundamental
representation satisfies
[Dµ, nˆ⊗ nˆ†] = 0
for our choice of the background field. Then also
[−D2, nˆ ⊗ nˆ†] = 0 and thus [−D2,m2φ] = 0 follow, such
that −D2 and m2φ can be simultaneously diagonalized.
Therefore
Tr
[
∂tRk
Γ(2) +Rk
]
φ
= Tr

 −D
2
k2 ∂trk
(
−D2
k2
)
−D2
k2
(
1 + rk
(
−D2
k2
))
+m2φ

 .
Because of the above considerations, we can rewrite the
previous expression in the propertime form
Tr
[
∂tRk
Γ(2) +Rk
]
φ
=
∫ ∞
0
dsTr
[
h˜(s,m2φ)e
−s−D
2
k2
]
=
Ω
16π2
∫ ∞
0
ds
NL∑
a=1
h˜(s,m2φ,a)
(
−1
6
b2a
)
,
where we have retained only the term of order b2a (com-
pare with the second equation of (C3)). We have denoted
the eigenvalues of the mass matrix by m2φ,a (there is only
one nonvanishing eigenvalue for the radial mode). Fur-
thermore, ba = g¯|νa|B, where νa now are the eigenvalues
of
(
mˆiT
i
)ab
related to the fundamental representation.
Using the standard normalization for the generators of
the fundamental representation, we have
NL∑
a=1
|νa|2 = tr
[(
mˆiT
i
)2]
= mˆimˆj
1
2
δij =
1
2
.
Another difference from the gauge case is that the scalar
field is complex and thus there is no factor 1/2 in front
of the trace on the r.h.s. of the flow equation. Hence,
analogous to (C4), the contribution of the scalar to the
flow of ZW reads
ηW
∣∣∣
φ
=
g2
16π2
NL∑
a=1
h(0,m2φ,a)
|νa|2
3
. (C11)
In the massless case, since h(0, 0) = 2, ηW |φ = g
2
16pi2
1
3
in agreement with perturbation theory. In the general
massive case and using the linear regulator, we get
ηW
∣∣∣
φ
=
g2
16π2
2
3
NL∑
a=1
1
1 +m2φ,a
|νa|2 .
Generically, only one particular component of m2φ,a is
nonvanishing and equal to 2λ2κ. For SU(2) the νa are
unique and equal to { 12 ,− 12}. Therefore in this case
ηW
∣∣∣
φ
=
g2
16π2
1
3
[
1
2
+
1
2
1
1 + 2λ2κ
]
.
3. Contribution from fermion modes
The relevant part of the effective Lagrangian is
Lk ∋ i(ψ¯aL /DabψbL + ψ¯R /∂ψR) + h¯(ψ¯Rφa†ψaL − ψ¯aLφaψR),
where again we have set any wave function renormaliza-
tion to one. For Eq. (6), we can choose a gauge back-
ground field such that Dabµ and Pnˆ = nˆ ⊗ nˆ† as well as
P(1−nˆ) = 1−Pnˆ commute and the above parts of Lk can
be written as
Lk ∋ i(ψ¯aL /DabP bc(1−nˆ)ψcL) (C12)
+ i(ψ¯nˆL /Dψ
nˆ
L + ψ¯R /∂ψR) +
h¯v¯√
2
(ψ¯Rψ
nˆ
L − ψ¯nˆLψR)
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Here, the /D in the second term is projected along nˆ.
The first line corresponds to the massless bottom-type
fermions. Their contribution is the standard perturbative
contribution weighted by eigenvalues νa in the orthogonal
complement. Let nˆ point into the A-direction: nˆa = δaA.
Then the contribution of the massless fermions to the
running coupling is
∂tg
2
∣∣∣
ψ(1−nˆ)
=
g4
16π2
2dγNg
3
NL∑
a=1,a 6=A
|νa|2 .
If the sum ran over all a’s we would get
∑NL
a=1 |νa|2 = 1/2
leading to the correct perturbative result. Combining ψnˆL
and ψR into a Dirac spinor Ψ =
(
ψnˆL
ψR
)
, the second line
of (C12) can be written
Lk ∋ iΨ¯ /DALΨ+ m¯tΨ¯γ5Ψ
where /DAL = γµ(∂
µ − g¯νAWµPL), with the usual def-
inition of the left projector PL =
1
2 (1 − γ5). We have
also introduced the “top-mass” m¯t as defined in eq. (12).
Since the regularized fluctuation operator for Ψ satisfies
(Γ
(2)
k +Rk) = /DAL(1+ rk)+ m¯tγ5 and since tr[γ5 /DAL] =
0, we get
Tr
[
∂tRk
Γ(2) +Rk
]
Ψ
= Tr

 /D
2
AL
(
1 + rk
(
/D2AL
k2
))
∂tr
(
/D2AL
k2
)
/D
2
AL
(
1 + rk
(
/D2AL
k2
))2
+ m¯2t


=
∫ ∞
0
ds h˜(s, m¯2t )Tr
[
e−s
/D2AL
k2
]
(C13)
Here we need to know the spectrum of
/D
2
AL = γµ(∂
µ − g¯νAWµPL)γν(∂ν − g¯νAW νPL) = γµγν(∂µ − g¯νAWµPR)(∂ν − g¯νAW νPL)
= γµγν(D
µ
R + ∂
µ
L)(D
ν
L + ∂
ν
R) = /D
2
L + γµγν(∂
µ
LD
µ
L +D
µ
R∂
ν
R) (C14)
where we have denoted ∂µL/R = ∂
µPL/R and took advan-
tage of: /D
2
L = γµγνD
µ
RD
ν
L and ∂
µ
L∂
ν
R = 0. The determi-
nation of this spectrum probably is an analytically sol-
uble problem for a constant magnetic field background,
as the differential operator is of harmonic oscillator type,
however, with an involved Dirac structure.
As we are mainly interested in the decoupling of mas-
sive modes in the flow of the gauge coupling, let us simply
take a shortcut at this point. We already know that the
contribution of Eq. (C13) to the β-function in the mass-
less limit must be of the form
∂tg
2
∣∣∣
ψnˆ
=
g4
16π2
2dγNg
3
|νA|2 .
This fixes the O(s0)-term in Tr
[
e−s
/D2AL
k2
]
to be the same
as the O(s0)-term in Tr
[
e−s
/D2L
k2
]
. These heat-kernel
traces could still differ to higher orders in s, due to the
two extra terms in (C14). These higher-order terms could
(unlike as for /D
2
L) in principle contain terms of order B
2
and thus contribute to the beta function via functions of
the form
fp(m
2
t ) =
∫ ∞
0
ds h˜(s,m2t )s
p =
[(
− ∂
∂y
)p
h(y,m2t )
]
y=0
where m2t is the dimensionless top mass squared: m
2
t =
h2κ. Because of the constraints from the massless limit
discussed before, we must have fp(0) = 0. Furthermore
fp also has to exhibit a generic threshold behavior, that
is: fp(m
2
t → ∞) → 0. As the precise dependence of
h(0,m2t ) is anyway regulator-dependent, we simply ig-
nore potentially nonvanishing contributions of fp(m
2
t ) for
all practical discussions in the main text. Therefore,
without any further explicit calculation, we approximate
the threshold behavior of the massive fermion mode by
the same form as for the other modes
∂tg
2|ψ = g
4
16π2
2dγNg
3
NL∑
a=1
1
1 + h2κδaA
|νa|2 .
For SU(2) this implies
∂tg
2|ψ = g
4
16π2
dγNg
3
(
1
2
+
1
2
1
1 + h2κ
)
.
To summarize, we can write the gauge one-loop β-
function approximately as given in the main text in
eqs. (30,31).
Appendix D: Results for the anomaly-free
two-generation model Ng = 2
In this appendix, we verify explicitly that the prop-
erties of the anomaly-free SU(NL = 2) model with two
24
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FIG. 6: Fixed point values for µ2W (left panel) and χ (right
panel) as a function of the fixed point value of µ2t for NL = 2
and Ng = 2. This shows the similarity to the one-generation
case depicted in Fig. 2.
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FIG. 7: Critical exponents for the line of fixed points com-
puted in the mass parametrization as a function of the fixed
point top mass parameter µ∗2t for NL = 2 and Ng = 2; left
panel: real parts, right panel: imaginary parts. Again the
similarity to the one-generation case, c.f., Fig. 3 is obvious.
left-handed generations Ng = 2 are essentially identi-
cal to the results for the one-generation model discussed
in the main text. This can be seen manifestly by com-
paring Figs. 6, 7, where Ng = 2, to Figs. 2, 3, where
Ng = 1. These explicit solutions verify that the transi-
tion from one generation to two generations induces only
small quantitative differences in the fixed-point values as
well as in the values for the critical exponents.
We emphasize again that the Ng = 1 model discussed
in the main text for phenomenological reasons has a Wit-
ten anomaly and thus should be considered as embedded
into a larger anomaly free model, such as the standard
model. By contrast, with the results of this appendix,
we conclude that the Ng = 2 model as it stands can be a
consistent UV complete quantum field theory for all tra-
jectories emanating from the line of non-Gaußian fixed
points.
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